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Module 5: Laminate Theory

Lecture 19: Hygro -thermal Laminate Theory

Introduction:

In this lecture we are going to develop the laminate theory with thermal and hygral effects. Then we
will develop the relations for effective coefficients of thermal and hygral expansion for laminate.
Further, we will develop governing differential equation for laminate. We will conclude this lecture with
some sample numerical examples based on this.

The Lecture Contains:

Laminate Theory with Thermal Effects

Laminate Coefficient of Thermal Expansion

Laminate Theory with Hygral Effects

Laminate Coefficients of Hygral Expansion

Hygro-thermal Effects on Laminate

Governing Differential Equations for Classical Laminate Theory

Examples

Homework

References
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Module 5: Laminate Theory

Lecture 19: Hygro -thermal Laminate Theory

Laminate Theory with Thermal Effects:

In the classical laminate theory we make the assumption that the total strain is superposition of
mechanical strain and thermal strains. Thus,

(e} = (€9} + e}
{e} = {E'iu}}_|_ (k) + {E(r}} (5.96)

where, {7}

laminate as

is the thermal strain in laminate. We can write the stresses in global direction for

{g}x}' = [EJ {E}x}'

Thus, using Equation (5.95) in above equation, we get

()., = [@] {{E{D}}x}&z {K)ey — {E':ﬂ'}x}_] (5.97)

Now we find the resultant in-plane forces as

H H H H
Whay = f {0} 2y dz =J. [mk {EI‘D}}I  dz +f [mk {k}ey zdz— J. [mk {EI‘T}}I dz
—-F -5 » —u _ 3
Recalling the development of classical laminate theory with the use of Equation (5.21), we write
= (o) H a1 r (0
IV}, = [Al{e™} | + (Bl — [ [Q] {7} dz o9
Let us define
(1 — (2 [p1F r.m
(v =[5 ),z
I 2} k r k
=X 0 [Q] {€7] dz (5.99)
= 5[0 (€Y G ze)

as the effective laminate thermal forces per unit length. Thus, with this definition we can write
Equation (5.97) as

N}y + {”Er}}x}_ = [ﬂ]{f':u}}x}. + [Bl{x}., (5.100)
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Now let us define the resultant moments using Equation (5.96) as

(., = [ Z{ﬂ}x}- 2 dz

H H H
:J. [mk {El‘ﬁ}}x}_zdz-kf [E_lk {K}_—;_}- 22 dz — J. [mk {El‘r}}x}_Zdz
With the use of Equation (5.21) and Equation (5.27), we write
M}, = [5]{5':[’}}%_ + [DI{x}., — ffH[mk {E':T}}x}_z dz (5.101)
Let us define
T — H k (Th
(™), = L ), 2z
== f::_‘_[mk [T }:} zdz (5.102)

=in0]" (™) (22— 22

as the effective laminate thermal moments per unit length. Thus, with this definition we can write
Equation (5.101) as

{M}x}- + {M':T} }x}_ = [B]{E':D} }x}_ + [D] {K}x}. (5.103)

Combining Equation (5.99) and Equation (5.102), we write
{N + an"}} _ |:§ B] {EI:I}:'} (5 104)
M+MD), DIl w ),y |
The inverse of this equation is written as

{Eiu}} B [Jqf gf] {N —I-N':T:'}
K Doy B..'l" D' M+ M{r} oy (5.105)
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Module 5: Laminate Theory

Lecture 19: Hygro -thermal Laminate Theory

Laminate Coefficient of Thermal Expansion

The derivation of laminate coefficients of thermal expansion is dealt here for symmetric laminates.
This is because there is no extension-bending coupling due to the fact that for symmetric laminates

[B] = 0.
Let us derive the expression for the coefficient of thermal expansion for laminate. Let us define the
coefficient of thermal expansion for laminate, {et*}, as the laminate mid-plane strain, {E (o) } to the

per unit uniform change in temperature, AT. Thus,

{a’} = Z—:} (5.106)

Now for symmetric laminates with pure thermal loading, we have
@) =[4]7* {N'T)] (5.107)

Combining Equation (5.105) and Equation (5.106), we get

2 7T
(o) = 40 v (5.108)
AT
For a uniform temperature change the equivalent thermal force is given as
(N} =ar [7 [9]" {(a}¥, dz (5.109)
—H xy '
Thus, the laminate coefficient of thermal expansion becomes
@)= [T {a}, dz (5.110)

It is known that the [@]" and {a}¥,, are constant in each lamina in thickness direction. Thus, the

integration over thickness can be simplified as the summation over laminae thicknesses as

('} = [A]12V_, [0]" {a)%, ¢, (5.111)

where, t,, = z, — Z,_4 is the thickness of kth lamina.

Figure 5.12 shows the variation of &, for [+8]; laminate along with ... of layer for 48 for
AS4/3501-6 Epoxy material from Soden et al [4]. Similarly, Figure 5.13 and Figure 5.14 show the

variation of c;... and e,

»¥ ¥

From these figures it is seen that these coefficients vary from positive to negative values. Further, it
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is observed that the coefficient of thermal expansion depends upon stacking sequence. This fact is
very important from laminate designing point of view where it is used in an environment with large
thermal gradient. One can choose a laminate sequence for which a coefficient of thermal expansion
is zero.

From Equation (5.109) and Equation (5.110) for a uniform temperature change, the equivalent
thermal force is written as

(NT)=[4] {a*} AT (5.112)

.10 -80 -60 -40 -20 O 20 40 60 80 100

- F. i

o | i i i i i i i i

100 -80 60 -40 -20 0 20 40 60 BO 100
0

Figure 5.13: Variation of ., for lamina and of a;}, for [iﬁ']g laminate
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Figure 5.14: Variation of e, for lamina and of &, for [£6]; laminate
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Module 5: Laminate Theory

Lecture 19: Hygro -thermal Laminate Theory

Laminate Theory with Hygral Effects:

In this study, the total strain is assumed to be superimposition of mechanical and hygral strains.

fe} = {E':E:'}—I- {EEH}}

(&) = [} + z{x} + [¢) (5.113)

where, {E "H}} is the hygral strain in laminate. The stress in global direction is given as

{':T}:r}' - [m {{EED} }x}. +z {K}x}' - {EI:H} }x}_) (5.114)

The resultant in-plane forces are given as
(H) — (ol
W, + (N} = [al{e™]  + (Bl (5.115)
where,
(5 B = k (E) k
(v} =2 O[] (e dz (5.116)

is defined as the resultant in-plane forces per unit length due to hygral strains.
In a similar way, we can give the resultant moments as

{M}x}. + {M':H} }x}_ = [B] {5':[!'} }x}_ + [D] {K}x}_ (5.117)
where,
M} = Efnf:f___[ﬂk {e® }:} zdz (5.118)

is defined as resultant moments per unit length due to hygral strains. Combining Equation (5.116)
and Equation (5.118), we write

{N N NEH}} - [ﬂ B] {Em}} (5.119)
M+m®) B DIl ), -

The inverse of this equation is written as

{5'3“}} B [ Al 3“] {N + NH } 5.120)
- T ' [ .
k )y BT D+ M@
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Module 5: Laminate Theory

Lecture 19: Hygro -thermal Laminate Theory

Laminate Coefficients of Hygral Expansion

Here we derive the laminate coefficients hygral expansion, {#*}, for symmetric laminates. Let us
define the coefficient of hygral expansion for laminate as laminate mid-plane strains to the per
percentage change in moisture absorption, AM. Thus,

f '.DJ}

£ — L - 5.121
B)="—0 (5.121)
For symmetric laminates with hygral loads alone, we can write
Combining Equation (5.121) and Equation (5.122), we get
[A]_‘_ IrJ"n'IH'I}
Fl—m - 5.123
B} AM ( )
For a uniform moisture absorption the equivalent hygral force is given as
(H) — H k x
(N} =am [7[Q] (B, dz (5.124)
Thus, the laminate coefficient of hygral expansion becomes
— 1 k
B3= [ [T B2y dz (5.125)

It is known that the [@]" and {B}%, are constant in each lamina in thickness direction. Thus, the

integration over thickness can be simplified as summation over laminae thicknesses as

(63 = [a1* 2. [q]" {BY, t, (5.126)
Combining Equation (5.124) and Equation (5.125) we can get the effective hygral force as
(N = [4] {5} AaM (5.127)

Figure 5.15 shows the variation of 8. for [+8]. laminate along with §,, of a layer of +8 for
T300/5208 material from Pipes et al [5]. Similarly, Figure 5.16 and Figure 5.16 show the variation of
& &
vy and ..
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Figure 5.16: Variation of B, for lamina and of f8;,, for [+6]; laminate
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Figure 5.17: Variation of B, for lamina and of § for [£8] laminate
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Module 5: Laminate Theory

Lecture 19: Hygro -thermal Laminate Theory

Hygro-thermal Effects on Laminate:
When thermal as well as hygral strains are present in total strain, then

{E} - {E':E}}+ {E':l"}} + {E':H}}

(e} = (€@} 4 z{x} + {c D} + [} (5.128)

The resultant in-plane forces are given as

Wy + (VT + (N = (A1) + [B1{k, 5.129)
and the resultant moments are given as

M), + M)+ (M} = [B1{e®]_ +[P]{x}., (5.130)

Equation (5.115) and (5.116) are combined as

{N_l_N':T}_l_N':H}} _[ﬂ E]{E':D}} (5.131)
. ‘ = 5.131
M+MT +m®) 1B DIl ),
The inverse of this equation is written as
{EI:D}} _ |:Ja1" B"'] {N_l_ N':l":' +N'H}} 6 130
- ey B..'l" D.' ML Ml‘r}+ MlH} ey ( . )
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Module 5: Laminate Theory

Lecture 19: Hygro -thermal Laminate Theory

Governing Differential Equations for Classical Laminate Theory
The equilibrium equations for a laminate are

B0y

By | BT,
XY Xz — D
Bx + dy + oz

BTy Dy d1y
x ¥ ¥z _ g
™ +—-—"4

(5.133)

ar}z Bﬁzz

8z

E'r.,.z + ¥ S

In the laminate, in general, we consider that the transverse shear stresses are vanishing at the top
and bottom of the laminate, that is 7, = T,, =0 atz= +H and z= —H. Now, integrate
Equation (5.133) with respect to z. The first two of the above equation give us

ANy oy N,

Xy _
dx ax By =0
(5.134)
Sy 4 My _
dx By
The third of the Equation (5.133) gives
80, 83,
L= (5.135)

dx ay

where,

[Q:r’ Q}) ..r_ [T:rz! }g) dz and 4 = Ozzlz=+y azz|z=—H

Now, multiply the first of Equation (5.133) with z and integrate with respect to z to get

E'M‘.., My H 81y
Txx +f Tf zdz=0 (5.136)
dx
Now, let us write
dT,..
z == E[z Toz) — Toz
Now recalling that 7, = 0 atz = +H and z = —H we can write for the third term in Equation
(5.136) as
H 3 — +H _
_Ha—(zr Jdz= [zt ]I =

nd_..rH x= =—0,
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Thus, Equation (5.136) becomes

oM. aM,.
X g R
=T, (5.137)

Similarly, we can write

oM.
—¥ 4 —ll =Q, (5.138)

dx

Now putting Equation (5.137) and Equation (5.138) in Equation (5.135) we get

8% My 8 My, | O°M
Bj;“+za 3y Tae TA=0 (5.139)

Note that this equation is identical with the homogeneous plate theory. However, in these equations
the definition of the resultants is different.

One can express the moment resultants in terms of A, B and D matrices and the derivatives of mid-
plane displacements as given below.

Equation (5.137) can be written as

Agy Ugue T 2490 Ugy T Agg Ugyy T Ay Vg T (A, + ‘qﬁﬁjvﬂ,x}' T Agg Vo

B W e — 3816 W ey — (By; + Egsejwu,xy} BoeWppyy = 0 (5149
Equation (5.138) becomes
Aje Ugue T 2455 Vg gy T Agg Ugyy T Azg Uy, T (A4, +ﬂssjuu,x}- T Agg Vo
B eWoww — 3B26Wo gy — (Byy +2Bg;) Wo ey — B2aWp ypey = 0 (5441
And Equation (5.139) becomes
—Byq Ugupy — 3 Big Ugpny — (B4, + zgeajum}-}- — Bag Ugyyy — Big Vozue

_(312 + 2366) Voeyy — B"" oy + Dllwﬂ XXX + 4D1E~WD,xxx}' (5.142)
+(D12 + Eﬂﬁ-ﬁjwﬂ,x:r}_) + 4D“Euwl}:r}}} + D""WD}}}} =4q
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Module 5: Laminate Theory

Lecture 19: Hygro -thermal Laminate Theory

Examples:

Note: In the following examples, each lamina has a thickness of 1 mm and material is AS4/3501-6
Epoxy from Soden et al [4].

Example 5.9: For the laminate in Example 5.2 (that is, [0/90/0]), calculate the laminate
coefficients of thermal expansions.

Solution: This is a symmetric matrix. Hence, [B] = 0. A matrix is given as:

26443  9.30 0
[4]=| 9.30 14832 0| GPa— mm
0 0 19.80
Now we have
0.00378 —0.00023 0 L
[4°] = [4]"! = |-0.00023  0.00672 P
0 0 0.05050]97¢ ™M

Now we calculate effective thermal forces for fictitious thermal change of AT = 1°(.

(Tl
Nxx 3 a:r:r k
i _ K
N}'}' =AT Z [a_l {rx}_}_} By
N ;;r} k=1 Xy

()
Nxx

; 12686 310  0](—0.01
NDV=(1)] 310 1107  of] 026{x107* x (1)

() 0 0 6.60 0
N

+ (1) | 3.10 12686 0|4—0.01} X 107* x (1)

11.07 3.10 D'{ 0.26)
0 0 660 0.

+(1) 3.10 11.07 0|4 0.26fx107* x (1)

(12686  3.10 07 {—0.01‘

0 0 6.60] o/
which gives,
(1)
Nz 1.922
NI b =15232¢ % 107* GPa —mm
(Tl 0
N

The laminate coefficients of thermal expansion are calculated as
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" NI: T)

o XX
o (= L1
0.00378 —0.00023 07(1.922
= [—D.IJDIJZE 0.00672 III] [5.2321 X 107*
0 0 0.05050 0

0.6062 .m 1
=43.4716; X 10 ——
0 meC
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Module 5: Laminate Theory

Lecture 19: Hygro -thermal Laminate Theory

Example 5.10: For the laminate in Example 5.3 (that is, [+45].), calculate the laminate coefficients of
thermal expansions.

Solution: This is a symmetric matrix. Hence, [B] = 0. A matrix is given as:

17056 117.76 0
[4] = [117.76 17056 o| GPa — mm
0 0 13176
And
0.01120 —0.00773 0 .
[4] Y= |-0.00773  0.01120 0f ——r
0 0 0.00759] “F& T ™M

Now we calculate effective thermal forces for fictitious thermal change of AT = 1°C. In the thermal force

calculation we have assumed that the middle two layers are combined to form one layer of 2 mm
thickness.

N (T) 3

XX

ot K
|"lr:| k g
N, = AT E [@] i@y t.
o

N:E;j} k=1

n (™

xx 4264 2944 2895]( 0.125

N:';_:l:} =(1) |29.44 4264 2895|1 0.125;x107* x (1)
N@ 2895 2895 32.94l(—0.270

N
42,64 2944 —28.95](0.125

+(1) | 2944 4264 -2895[40.125;x 107*x (2)
| —28.95 —28.95  32.941\0.270

42,64 29.44 28.95]( 0.125
+(1) |29.44 4264 28.95|{ 0.125;x 107 x (1)
2895 2895 32.941\-0.270

which gives,

()

Nex ) (4774

N b =14774{ % 107 GPa—mm
(1) 0

N

The laminate coefficients of thermal expansion are calculated as
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.. N;E?
o= a1 2
xy Nii_:'
0.01120 —0.00773 07704774
= [—D.DD??E 0.01120 l:l] [0.4??4} X 1073

0 0 0.00759 0
[1.6565

m 1l
1.6565 X 1075 ——
0 meC

Example 5.11: Material properties for T300/5208 material are given here [Error! Reference source not
found.]. Calculate the laminate coefficients of hygral expansion for [i45:|_.; laminate with each layer of 1
mm thickness.

E, = 143 GPa,E, = 10.1 GPa,G,, = 4.14 GPa,v,, = 0.31,8, = 0,8, = 6.67 X 1073 /% wt

Solution: This is a symmetric matrix. Hence, [B] = 0. A matrix is given as:

177.01 143.89 0
[4] = [14389 177.01 o| GPa — mm
0 0 147.87
And
0.01665 —0.01353 0 .
[4] 7' = |-0.01353  0.01665 0f ———r
0 0 0.00676] “T& T ™M

. - 1
Now we calculate effective thermal forces for fictitious hygral change of AM = prawd In the hygral force
"0 W

calculation we have assumed that the middle two layers are combined to form one layer of 2 mm

thickness
(H)
Nxx 3 J@ e .
;00 K
NS = amz [@] 4Byt t,
N ;f} k=1 B ¥

N(H}
xx 4425 3597 33.45]( 3.335
N;jf} = (1) |35.97 44.25 3345|{ 3.335;x107% x (1)
() 3345 3345 36.961\-6.670

XY

4425 3597 —33.457(3.335
+ (1) | 3597 4425 —33.45[43.335;x 1073 x (2)

l—33.45 —33.45 36961 \6.670

(44,25 3597 3345 3.335
+(1) |3597 44.25 33.45 3.335; X 107% x (1)
13345 3345 36.96l1\—6.670
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which gives,

CH)
Nix [D.l???

N n.1???1 GPa — mm
(H) 0
N

The laminate coefficients of hygral expansion are calculated as

(5}
® N
v xx
=

vy = [AIT{N ;I,f}
— (E)
¥ N
0.01665 —0.01353 07(0.1777
= |—0.01353 0.01665 01401777

1] 0 0.00676 1]
{0.5544

0.5544} X 1073 /0% wt
0
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Module 5: Laminate Theory

Lecture 19: Hygro -thermal Laminate Theory

Example 5.12: The laminate in Example 5.1 is subjected to a thermal gradient of —50°C.
Calculate the thermal residual stress at the top of the laminate.

Solution: The @ matrix for this material is calculated as
126.68 3.10 0
[@l=| 310 1107 0 |GPa
0 0 6.60

Now, E matrix for 0% and 90° is calculated as

_ 126.68 3.10 0 11.07 3.10 0
[e(0)]=| 310 11.07 0|GPa, [@(s0)]=| 3.10 126.68 0| GPa
0 0 6.60 0 0 6.60

The coefficients of thermal expansion in global directions for 0% and 90° layers are
o —0.01 L o 0.26 )
—4a ™ —4a ™
Tyy( =7 026¢X 107 —=and {@pyp ={-0.01pX 107*—=
Xy o 0 Xy g 0

And the A, B and D matrices are calculated as

'137.75 6.20 0
[A]=| 6.20 137.75 o| 6Pa— mm
0 0 13.2
—57.805 0 0
[B] = 0 57.805 GPa — mm®

1] 1]

[D]=| 2066 45916 GPa — mm

1] o 4

0
0
45916  2.066 0]
0
A

The thermal forces are
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Nl:r}
xx 12686  3.10 07(—0.01
NI E=(-50) | 310 1107  o0|] 0.26{x107*x (1)
(1) 0 0 6.60. 0
N,y
11.07 3.10 01( 0.26
+(=50) | 3.10 12686 0[4—0.01p X 107* x (1)
0 0 6.60. 0
—11.93
= 4-1193; % 107% GPa —mm
0
Now we calculate the thermal moments as
M':r}
ps 1 12686  3.10 07 (—0.01
M =E(—5EI] 310 11.07 04 0.26;x 107* x {(0)* — (—1)%}
(1) 0 0 6.60. 0
M
1 11.07 3.10 01( 0.26
+E(_50) 3.10 126.86 0l{—0.01tx 107* x {(—1)* — (0)*}
0 0 6.60. 0
—8.2745

|

We can write for the thermal forces and moments as

8.2745
0

}x 1072 GPa — mm

{N{r}} B [,q g] {E':D}}
™ ey B Dilk ),
which becomes,
rE':c-h
—11.93 137.75 6.20 0 —-57.805 0 0 {;}
—11.93 6.20 137.75 1] 0 57.805 0 vy
0 % 103 = 0 0 13.2 0 0 0 4TI:E-'} |
—8.2745 —57.805 0 0 45916 2.066 0 ¥
8.2745 0 57.805 0 2.066 45916 0 EH
0 0 0 0 0 0 44 x¥
'\KI}-J
Solving for the mid-plane strains and curvatures
EED}
o —0.33686
el b+ =1-0.33686{x 107
(o) 0
Tx}'
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Kyx —0.63262
Kyt =14 0.63262}x 1073
K:-r_)‘ 0

The total strains at the top of the laminate, that is, at z = —1.0 i in 0° lamina is
Exx —0.33686 —0.63262
€pyt =1—033686;% 107 —1.0{ 063262} x 1073
EJ:’}- o ':I ':l
Exx 0.29576
€yt =1—0.96948; X 1073
Cxy o 0

We calculate the mechanical strains by subtracting the thermal strains from total strains.

Now the thermal strain in top lamina is

(1)
E{fx} e —0.01 0.05
|‘__'|_" _ _ — _ -
€y [ = z}-}- AT =4 0.26f X 107*(=50)=4{—1.30px 1073
( ; 0 0
y , e 0
Thus, the mechanical strains become
)
€ 0.29576 0.05 0.24576
e b =1-096948{ x 107 {130} x 107° ={0.33052{ X 107
( 0 0 0
rx;?}

0
And the stresses at the top of the laminate are given as
Do 126.86 3.10 070.24576 32.20
9y =| 3.10 11.07 0[40.33052} x107* =4 442} X 1073GPa
0 0 6.60 0 0
4l Previous Next||p
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Module 5: Laminate Theory

Lecture 19: Hygro -thermal Laminate Theory

Homework:

1. Derive the resultant in-plane forces and moments for a laminate with thermal effects.
2. Derive the resultant in-plane forces and moments for a laminate with hygral effects.

3. Derive an expression for laminate coefficient of thermal expansion under the uniform
temperature condition.

4. Derive an expression for laminate coefficient of hygral expansion under the condition of
uniform moisture absorption.

5. Derive the expressions for resultant in-plane forces and moments for a laminate with hygro-
thermal effects.

6. Derive the governing differential equations for classical laminate theory.

7. Calculate the laminate coefficients of thermal expansion for the following laminates of
AS4/3501-6 Epoxy from Soden et al [4]. Take thickness of each layer as 1 mm.

a. [+45];

b. [0/45/0]
c. [0/+45];
d. [0/90/0].

8. Calculate the thermal residual stresses for a temperature change of —75°C at the top and

bottom of the following laminates of AS4/3501-6 Epoxy. (Write a computer code for this
problem. Repeat the Example 5.12).

a. [90/0]

b. [0/45]
9. Calculate the laminate coefficients of hygral expansion for laminate sequences in exercise

example 7 with T300/5208 material as in Example 5.11. Take thickness of each layer as 1
mm.

dllPrevious Next||p
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Module 5: Laminate Theory

Lecture 19: Hygro -thermal Laminate Theory
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1998.
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e PD Soden, MJ Hinton, AS Kaddour. Lamina properties, lay-up configurations and
loading conditions for a range of fibre-reinforced composite laminates. Composite

Science and Technology, 1998;58:1011-1022.

e RB Pipes, JR Vinson, TW Chou. On the hygrothermal response of laminated composite
systems. Journal of Composite Materials, 1976, Vol. 10, pp. 129-148.
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