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  Module 7: Micromechanics
  Lecture 30: CCA Model: Effective Axial Modulus and Poisson's Ratio

 

Introduction

In this lecture we are going to determine the effective properties of a composite cylinder in terms of
properties of fibre and matrix materials using CCA model. We will use the relations and concepts
developed in the previous lecture for concentric cylinders.
            
In this approach the fibre is considered to be transversely isotropic and matrix is isotropic in nature.
However, as a special case and whenever possible, we will derive expressions considering both fibre
and matrix as isotropic materials.
            
In the present lecture we will derive the expressions for effective axial modulus and Poisson’s ratio.
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Effective Axial Modulus

The effective axial modulus is determined from the basic definition of axial modulus. The axial load  is
applied to the composite cylinder. The axial stress is uniform across the cross section. Further, this stress
can be given as the axial load divided by the cross sectional area, that is,

(7.186)

If the effective axial modulus is   is known then the axial strain can be given as

(7.187)

For the axial load applied, the radial stress on the outer boundary, that is, at   is zero. Thus,

(7.188)

Thus, from the last of Equation (7.185), this becomes

(7.189)

The effective axial force can also be obtained by integrating the axial stresses in fibre and matrix over the
cross sectional area as

(7.190)

Putting the expressions for   and  from Equation (7.185) and carrying out the integration we get

(7.191)

The unknown constants  and   can be determined by solving Equations (7.180), (7.183),

(7.189) and (7.191). The unknowns  and   then can be used in Equation. (7.191) to calculate the axial

force   . 

            The unknown constants  and  are given as

(7.192)

where,
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The denominator    is given as

(7.194)

with

(7.195)

Thus, the effective axial modulus can be found from Equation (7.187) as

(7.196)

Note: One can determine the effective axial modulus from Equation (7.191). The unknown   can

be expressed from this equation in terms of unknown . For this, one has to solve Equations (7.180),

(7.183) and (7.189) for  and . Then divide both sides of this equation by cross sectional area

of the composite cylinder and . This gives the effective axial modulus. For this case, the unknown
constants are given as

(7.197)
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Special Case: Fibre and Matrix Materials are Isotropic

The constitutive equations for an isotropic and linear elastic material, we write

(7.198)

where,  and     are the Lamé constants. Further,     is shear modulus. To be consistent with the

notations for shear modulus one can use the symbol     in the following derivations. However, we

will use the symbol   in this case. The axial stresses in fibre and matrix are given as

(7.199)

Here,     is defined as bulk modulus. The axial stress in fibre and matrix is spatially
uniform. The radial stresses in fibre and matrix are given as

(7.200)

The hoop stresses in fibre and matrix are

(7.201)

These are the same as radial stresses. Further, as mentioned earlier all shear stresses are zero.
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The first continuity condition is the first of Equation (7.180). The continuity of radial stresses at the fibre and
matrix interface from Equation (7.182) gives

(7.202)

The radial stress free condition on outer surface as in Equation (7.188) gives the relation

(7.203)

The effective axial force as given in Equation (7.190) is written as

(7.204)

Here,  and  are the unknowns. These can be obtained by solving the Equations (7.180) and
Equations (7.202) through (7.204). These are given as

(7.205)

where,

(7.206)

and

(7.207)

with

(7.208)
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Then the effective axial modulus  can be determined from Equation (7.196) with appropriate substitutions

of equations for isotropic assumption of fibre and matrix materials.
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As an alternate approach, one can determine the effective axial modulus  from Equation (7.204) if 

 and   are expressed in terms of unknown   and divide both sides of this equation by 

  and cross sectional area of .  and   are obtained along with   by solving Equations

(7.180), (7.202) and (7.203). These unknown constants are given in Equation (7.209).

(7.209)

The effective axial modulus for this special case is then given as

(7.210)

In this equation the fibre volume fraction is given as

 
 
 
 
 
 
 
 
 
 
 
 

 

 



Objectives_template

file:///D|/Web%20Course%20(Ganesh%20Rana)/Dr.%20Mohite/CompositeMaterials/lecture30/30_7.html[8/18/2014 4:00:34 PM]

  Module 7: Micromechanics
  Lecture 30: CCA Model: Effective Axial Modulus and Poisson's Ratio
 

Equivalence of Strain Energy Approach

In this approach the strain energies of the concentric cylinders and equivalent homogeneous cylinder are equated.
The strain energy of the equivalent homogeneous cylinder is written as

(7.211)

In this equation a unit length of the cylinders has been assumed. Further, use of Equation (7.191) can be made in
this equation. Now, the strain energy of the concentric cylinders is given as

(7.212)

Recall that the stresses are functions of    alone. They are independent of    and   . Further, for this cylinder
system also a unit length has been assumed. Equation (7.184) and Equation (7.185) are substituted in the above
equation and integration over  is carried out. It gives us

(7.213)

Further, the unknown constants  ,    and  as given in Equation (7.192) are used. Then comparison of

Equation (7.211) and Equation (7.213) gives the effective axial modulus .

Special Case: Fibre and Matrix Materials are Isotropic 
            
The strain energy of the equivalent homogeneous cylinder obtained using Equation (7.211) and Equation (7.204).
The strain energy of the concentric cylinders can be obtained using Equation (7.199) – Equation (7.201) and
Equation (7.184) in the last of Equation (7.212). The strain energy for concentric cylinders is given as

(7.214)
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In above equation, the unknown constants  ,    and  and    as given Equation (7.205) can be used for
further simplifications. Thus, equivalence of strain energies of concentric and equivalent homogeneous cylinder
will lead to effective axial modulus .
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Effective Axial Poisson’s Ratio:
            
The effective axial Poisson’s ratio can be determined from the preceding problem definition. Here, we
define the effective axial Poisson’s ratio as the ratio of associated lateral strain to the axial strain due to
applied load in axial direction. Thus,

(7.215)

From Equation (7.176) we can write

(7.216)

The constants  ,    and  and   given from Equation (7.192) can be used in the above equation.

Further, one can give the constants  and  in terms of   as in Equation (7.197).

(7.217)

Special Case: Fibre and Matrix Materials are Isotropic 
            
When both fibre and matrix materials are isotropic in nature, then using either Equation (7.205) or
Equation. (7.209), the axial Poisson’s ratio is given as

(7.218)

Comparing this equation with the corresponding equation in strength of materials approach, we see that
the first two terms are exactly same. It should be noted that the third term is not a small term.
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Home Work

1. What are the deformations or load conditions to be imposed on the concentric cylinders to
determine the effective axial modulus and Poisson’s ratio?

2. What are the continuity conditions to be imposed on the concentric cylinders to determine the
effective axial modulus and Poisson’s ratio?

3. Outline the methodology with key points to determine the effective axial modulus and
Poisson’s ratio using CCA model.
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