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Module 7: Micromechanics

Lecture 33: Three Phase CCA Model: Effective Transverse Shear Modulus

Introduction

In the previous lectures we have introduced the concept of CCA model and have derived the
expressions for effective axial modulus; Poisson’s ratio; shear modulus and plane strain bulk modulus.
Now, only one of the effective properties is left to be determined so that we can get all effective
properties of the composite. This property is transverse shear modulus.

In the present lecture, we will derive the expression for effective transverse shear modulus.
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Three-Phase Composite Cylinder for Transverse Shear Modulus

The determination of effective transverse shear modulus with concentric cylinders is quite difficult. At
present, for this problem no exact solution has been presented. Hence, a different model is
presented for the determination of transverse shear modulus. In this model, all cylinders except one
are replaced with equivalent homogeneous material. This model is shown in Figure 7.12. In this
model, the outer composite cylinder can have infinite radius. The outer cylinder represents the
composite and hence, it should not affect the overall effective properties of the three cylinders. This
model is called as three phase composite cylinder model or three phase model. The closed form
expression for this property proposed by Christensen and Lo [10] has been presented here.

X \\H:nmile /

{a)

Figure 7.12: (a) Three phase concentric
cylinder assemblage model (b) homogeneous
single cylinder

dllPrevious Next||p

file:///DJ/Web%20Course%20(Ganesh%20Rana)/Dr.%20M ohite/ CompositeM aterial s/l ecture33/33_2.htm[8/18/2014 4:06:16 PM]



Objectives_template

Module 7: Micromechanics

Lecture 33: Three Phase CCA Model: Effective Transverse Shear Modulus

The state of deformation imposed is such that the far away from the fibre and matrix a state of pure

shear is produced.

The planar stresses for the cylinder can be given in terms of stress function ¢ as

19¢ laz""b (7.254)

NEL)

e = T 5\ 38

where, the stress function ¢, following the work of [11], is given as
" + b + b 26 (7.255)
=|——+a;— + c;— | cos .
¢ 2 2 gyt

Here, @ and cg are the constants that are evaluated using the boundary conditions. Using Equation

(7.255) in Equation (7.254), the stresses become

b* 3 bt
Tpp = 1—2&:3?—553; cos 26 (7.256)

r

b* 3 b\
T,g = — 1—|-a:3—,,-|-ECEF sin 26

Now, considering the plane strain condition with £... = 0 and using the stress-strain relations, the

strains in composite material are written as

b 2 b b3
£ag :4523 —3~ (n—E]aEE—FECE FICDSEE
b |2 b b®
g, = 16, lg —(n+ 1)a, =~ 3¢, Fl cos 28 (7.257)
b [4 b =
Yrg = _4623 E+ 4aaﬁ+ (To Fl sin 26

where, 7 = 3 — 4w,;. Now using the strain displacement relations as in Equation (7.172) the

displacement components in composite material are obtained as

(7.258)
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uted =0

ple) = l_z_r_ (n—1)a E—I—.:;' b—al sin 28
v 37 763

S PR T
26, | b 3 3.3

Here, the polar coordinates are used. Further, as r — 0 the above equation leads to the imposed

state of simple shear deformation. It should be noted that the displacements in this equation satisfy
the equilibrium equations.
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In a similar way, we can derive the displacement field in matrix phase. It is given as

. b . re T . b b3
(m) — (m) im) ,
v T g™ l[ﬂ +3)‘12F_d:£_[ﬂ —1)62;4- bg—alsmzﬁ'
b 73 b (7.259)
(m) — {m) (m)
w —W[[ﬂ -3 ﬂgﬁ-l-dﬂ +[?;r +1)Cnr+bﬂ—]c0529
The displacement in fibre phase is given as
) 3
vl = ,. l[ﬂ'ﬂ-i-E)fxiF—d b]sinZE?
ba (7.260)
wlf = 465;:} [Tllf} — 3)0:1— +d bl cos 28
where,
no™ =3 —4p0? and P = 3 — 4.7 (7.261)

There are eight unknowns to be determined. These are @, &, &5, b,, ¢;, €3,d, and d;. Now, we

need to develop eight equations in these unknowns to solve for these unknowns. These equations
can be developed using the continuity of displacements and stress at the fibre and matrix interface
and that between the matrix and the equivalent homogeneous material.
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The displacement continuity at ¥ = a gives the relations
L by*

+d, (E)‘ (6 —6) + b, (E)E (¢4 + G'i”ﬂ'n':f}} =0
\a 23 ‘Ao 23

-~ (7.262)
(B (e _ gtm (E)E ) o e, (9 =
dz(a) (6 —6")+b, (=) (6 +6n }— 0
The displacement continuity at + = b gives
G2 +a;(n+ 1)+ e5] — G [a (0" —3) 4+ dy + e, ("™ + 1) + b, = (7 26

G':m}[—2 —az(n+1)+ 3] — Gz [‘12 (”I:m} + 3) —d; — ¢ [ﬂ - 1) + 2] =

The stress continuity at + = a gives the following relations

b2 by*
dl—d2+4c2(—) + 3D, (—) =0
a

.

b 2 " (7.264)
a. a
And the stress continuity at * = b leads to
2 - 4 - 3 - dﬂ 4 - 3bﬂ = ':.
Qg Cg 2 + 4c, + 3b, (7.265)

2+ 2a;+ 3¢c3 +6a, —d, —2¢; —3b, =0

Now the effective properties are determined from the equivalence of strain energy in heterogeneous
media and in the equivalent homogeneous media. Thus, we write this condition as

U= UEqulvalent Homogeneous (7-266)

The strain energies in the above equation can be given in terms of Eshelby formula.

. 1 . .
U=0 - EJ (T u; — T.u})ds (7.267)

5

where [J is the strain energy of a homogeneous medium containing an inclusion under the conditions
of applied displacements. S is the surface of the inclusion and I/~ is the strain energy in the same
medium when the medium does not contain any inclusion. Further, T; and uz are the tractions and

displacements on the surface when the medium has no inclusion. and are the tractions and
displacements on the surface when the medium has inclusion. It should be noted that the context of
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three phase cylinder model the inclusion here it means the concentric cylinders. Thus, U refers to the
strain energy of the Figure 7.12(a). I/ refers to the strain energy of the Figure 7.12(b) when the

inclusion is replaced by the equivalent homogeneous material outside. However, this energy is
u
E

guivalent Homogeneous -

Thus, we can write

=

U = 'UEqulvalent Homogeneous (7-268)

Thus, from Equation (7.266) and Equation (7.268) we can write that

J. (T, — T,u;)dS =0 (7.269)
£
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Using the definitions of stresses and displacements this equation is written as
2
J [cr;rw—k T gV — 0,,W — r,,gv:] s bdd =0 (7.270)
r=

0

The various quantities in above equation are given as

= r )
v o=— sin 28
265,
2 (7.271)
w = —cos 26
2G5,

This expression is derived from the condition that the displacements must be bounded at ¥ = 0.
Thus, from Equation (7.256), ag = ¢; = 0 . Thus, we can write

v =— sin 28
23 (7.272)
w = cos 268
26,3
Similarly, with a3 = ¢; = 0 in Equation (7.256), the stresses become
g, =cos28
o , (7.273)
T,5 = —sin 28
The stresses at + = b can be given again using Equation (7.256) as
3
T = (1 — 2a, —Eca)cos 26
3 (7.274)
T.g = —(1 +a; + Eca)sinzﬂ
Finally, v and w are evaluated at + = b from Equation (7.258) and are given as
v = v [—2—ay(n— 1) +¢;] sin 26
b (7.275)
w = [2+a;(n+ 1)+ c;3]cos28
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Now using all the required terms in Equation (7.270) and carrying out the integration, we get
a; =0 (7.276)

The solution for obtained by solving eight simultaneous equations is thus set equal to zero. This leads to the
following equation.

Giq \° Gi
A(G—:ﬂ) +3(G,;jﬂ)+a -0 (7.277)
where
|f::| Glf:l )
2 23 23 (F
A= (-vp) (55— 1) (5 +n

(7.278)

) Gl g
17| G 1) (G +

G':f} G'Zf} ?
(o — E_gj ol P G_gj ) ()
n 1)(6.:m}+71 ) 2V¢ (G.:m}ﬂ n )] (7.279)
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Further, in the case of dilute suspension, that is, a single inclusion or fibre in an infinite equivalent
homogeneous medium (that is, a condition leading to a low fibre volume fraction) the following
relation is given

6n _ . Vr
G 6 ., {km +%Gm) (7.281)
(6 -6.,.) (zkm+§sm]

k_ . . . . .
where ™ is the bulk modulus of the matrix relating hydrostatic stress to the change in volume. The
bulk modulus relates the hydrostatic stress and the change in volume as

Ty = 3K, S (7.282)

It should be noted from Equation (7.281) that there is no correlation with rule of mixture for
transverse shear modulus.

Note: The remaining effective properties like E;, 33,745, and ¥;; can be obtained from the
relations given in Equation (7.167).
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Home Work:
1. What is a three-phase cylinder model? Why is it required?

2. Write a short note on determination of transverse shear modulus using three phase cylinder
model.
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