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Module 7: Micromechanics

Lecture 30: CCA Model: Effective Axial Modulus and Poisson's Ratio

Introduction

In this lecture we are going to determine the effective properties of a composite cylinder in terms of
properties of fibre and matrix materials using CCA model. We will use the relations and concepts
developed in the previous lecture for concentric cylinders.

In this approach the fibre is considered to be transversely isotropic and matrix is isotropic in nature.
However, as a special case and whenever possible, we will derive expressions considering both fibre
and matrix as isotropic materials.

In the present lecture we will derive the expressions for effective axial modulus and Poisson’s ratio.
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Effective Axial Modulus

The effective axial modulus is determined from the basic definition of axial modulus. The axial load F is

applied to the composite cylinder. The axial stress is uniform across the cross section. Further, this stress
can be given as the axial load divided by the cross sectional area, that is,

g,., = (7.186)

If the effective axial modulus is E; is known then the axial strain can be given as

e _

P
Epy = —— = — 7.187
** E;y wb®E; ( )

For the axial load applied, the radial stress on the outer boundary, that is, at ¥ = b is zero. Thus,

g (b)=c(B)=0 (7.188)

Thus, from the last of Equation (7.185), this becomes

B?‘J‘l

=0 7.189
% (7.189)

C{];E':rx + (Cﬂ + C:I?]Am + [:C:E‘l - Cﬂ]

The effective axial force can also be obtained by integrating the axial stresses in fibre and matrix over the
cross sectional area as

2x ] 2

P = J T, d4 = J T, Tdr df = 2w J- J;Ej:}rdr + J o rdr (7.190)
0

XX

A o o

Putting the expressions for g;f' and gj;“} from Equation (7.185) and carrying out the integration we get

P =na®(cle,. +2¢], A7) + (b — a®)(Clie,, + 205 A™) (7.191)
The unknown constants Af,A™, B™ and £, can be determined by solving Equations (7.180), (7.183),
(7.189) and (7.191). The unknowns A7 and A™ then can be used in Equation. (7.191) to calculate the axial
force P.

The unknown constants A7, 4™, B™ and &, are given as

o [
Af = El’ am=—

° S (7.192)
Bm =2, s =—

d’ TF T d

where,
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a; = P{a® (cf; — e (), — ¢iz) + vP[ena(c), —c) + ci(ch, + cp)l}
ay = —Pcjla?(c], —cp) (¢l — cip) + e — e+ cf, + cf)]
ay = Pa*b?cl[-cpicl + cp(—cl, + cf, + cl))]
a, =Pl (ci—cpy(ep+cp—cl —cl) - v (ep+epy(ep—cp +cf + ch))
4[| Previous Next||p
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The denominator d is given as
d = w(b, + b, + by) (7.194)
with
by = —b*[(C1)? + Cfies — 2(6) (e - ¢ + ¢, + ¢y

—(Cﬂjz + E[Cf: - Cﬂ): + Cf1[Cﬂ + C:E'l - CzJ": - Cga)]

b2=a4[cﬂ—£'1”:‘ I f f
+£‘1”;[—C1”§ + C:: + C:a

7.195
clcp+ep(cp —cp+cl, + ¢, (7.195)
by =—a?|__[(cmP+cn (cf,)" —2cf,c + cpp(ecn — cf, - cf))
+cz [(ch)” +2chen + cp(-3cz + ¢f, + cf)
Thus, the effective axial modulus can be found from Equation (7.187) as
. F
XX 'R-b EII

Note: One can determine the effective axial modulus from Equation (7.191). The unknown 47, 4™ can
be expressed from this equation in terms of unknown £__. For this, one has to solve Equations (7.180),
(7.183) and (7.189) for A7, A™ and B™. Then divide both sides of this equation by cross sectional area

of the composite cylinder and £,.... This gives the effective axial modulus. For this case, the unknown
constants are given as

£ (0* (€ — e (cf, +cf3) + v*[e(cl, — c3) + cin(cl + ep)]}
a?(cp—cp)(ep+ep —cl, —cl) - vi(ep + e (ep — e+ cf, + ¢l
e £ux[a? (Gl — €15 (€1, — C3) + bCTH(CR — i + s + €3] 7,197
ar(cn—cp)ep+ep—ch—cl)-vi(cp+ep(ep —cp+cl +cl)
Exxazbz[cﬂcif: + C:E'l[cf: - C*f: - Ci'fa ]
a?(cp—cp)(ep+ep—cf, —cl) - vi(ep + cp)(em—cp + cf, + ¢l
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Special Case: Fibre and Matrix Materials are Isotropic

The constitutive equations for an isotropic and linear elastic material, we write
o = 2pg; + Aey 8 (7.198)

where, it and 4 are the Lamé constants. Further, it is shear modulus. To be consistent with the
notations for shear modulus one can use the symbol & in the following derivations. However, we

will use the symbol g in this case. The axial stresses in fibre and matrix are given as

o) = (2p; + 4, )z, + 24,47

(7.199)
=(2u,, +4,)e,, +21 A"

Here, k = u + A4 is defined as bulk modulus. The axial stress in fibre and matrix is spatially
uniform. The radial stresses in fibre and matrix are given as

0.0 = 2p £+ 2k, AT
2, (7.200)

glm =3 12k AT — B™

?"?" m II m T:

The hoop stresses in fibre and matrix are

0ol = A; £, + 2k AT
2 (7.201)
Jﬂgﬂ “1m xx+ ka‘qm _%Bm

These are the same as radial stresses. Further, as mentioned earlier all shear stresses are zero.
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The first continuity condition is the first of Equation (7.180). The continuity of radial stresses at the fibre and
matrix interface from Equation (7.182) gives

2k Afa® — 2k, A™a® + 2, B™ = a’s, (4, — ;) (7.202)

The radial stress free condition on outer surface as in Equation (7.188) gives the relation

2k _b*A™ —2u B™ = —b*}_ = . (7.203)

The effective axial force as given in Equation (7.190) is written as
P =ma®[(2us + A )z, + 24:A7] + 7(B? — a®)[(2p,, + A, 6y + 24,,A™] (7.204)

Here, A7, 4™, B™ and £, are the unknowns. These can be obtained by solving the Equations (7.180) and
Equations (7.202) through (7.204). These are given as

ﬁlf — E’ Am = E
£ ¢ 20
B”"=E, EH=E (7.205)
[N [N
where,
IE""1 = _F[az [‘;I’f - ‘A’m)ﬁm + bz [:km‘;l“f + ‘A’mﬁ'm)]
b,=—Pla®(A,— 4 b2A_(k
. [ﬂ' [ i ) ?’-:)ﬂm-l_ m[ f +ﬁm):| (7.206)
by = —Pa’b* (ks — ks 4,,)
by = Pla®(ky — Ky )it + 02k (ks + 12, )]
and
c=2m(c,+c, +¢c3) (7.207)
with

(7.208)
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ey = b*(ky + ) [= 235, + ke (A, + 218,,)]
63 = =@t (A = 20)" b (A = o + 207 = 11,) + g (=2 + 2 — 20, + 2,

2p? lﬂm(_if bt + e o Ky = Do+ 24ty = D) + Db+ Eﬁfn]l

c; =a i
i ke[ A7 = Aty + 208 (A — 1 + 208,

Then the effective axial modulus E; can be determined from Equation (7.196) with appropriate substitutions

of equations for isotropic assumption of fibre and matrix materials.
4|l Previous Next||p
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As an alternate approach, one can determine the effective axial modulus E; from Equation (7.204) if
AT and A™ are expressed in terms of unknown &, and divide both sides of this equation by &,,..

and cross sectional area of wh?. A7 and A™ are obtained along with g™ by solving Equations

(7.180), (7.202) and (7.203). These unknown constants are given in Equation (7.209).

aAF = 1 [[‘A’m — ‘A'f)“maz — [km‘lf + F’m‘lm)bz]
= T Baxx 7 7
27 [(kp — K7 )it @® — (o + kg )R b2

A™ = — EEII [(_‘lm - ‘lf)ﬁma‘ ,,_ [:km*lm + ﬁmimj;b‘] (7.209)
2 [[km - k_f )F’ma" - (_F’m + kf)kmbt]
1 —k A+ Ak

pm=__ 2,2 mf mf
2 a [[km - ‘A’f)y'maz - [ﬂm + kf)kmbz]

The effective axial modulus for this special case is then given as

2V, (1 = V) (% — ¥) b
(1—Vi)tm ,  Vittm (7.210)
+ +1
2 Hm
(ke +5)  (kn+5)

Ef=V,EP + (1 -V, )E™ +

In this equation the fibre volume fraction is given as

(]

Ta“

ki Th?

Tl
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Equivalence of Strain Energy Approach

In this approach the strain energies of the concentric cylinders and equivalent homogeneous cylinder are equated.
The strain energy of the equivalent homogeneous cylinder is written as

(7.211)

U==| g, &, dV=—

1-[ 1 Pp? M‘_1 P*
2 ) e 2wh2E; 2mh2E;

Vv

In this equation a unit length of the cylinders has been assumed. Further, use of Equation (7.191) can be made in
this equation. Now, the strain energy of the concentric cylinders is given as

J- ( xSz + Tgg Sag + Ty & rrJdV

J- J- J- [ O o Exexe + Tga fgg + Ty & rrjdx df rdr (7212)

:-r[!llEI o r=

B
cr;i}si‘;}+cré£}£g’;}+cr'f} (r) rdr + J- ';n} m}—|-crg§ﬂsggﬂ+cr'”ﬂsr:f‘} rdr

Recall that the stresses are functions of * alone. They are independent of & and x . Further, for this cylinder
system also a unit length has been assumed. Equation (7.184) and Equation (7.185) are substituted in the above
equation and integration over 1 is carried out. It gives us

*[ef el +achAt s +2(cl, + ) (4)7]

= T bz — af m7 2 m m
u= E + azbz (E j [:Cll - Clz (7213)

+[b£ a j[z[}lm] [Cll + C:I?_t‘l:] + 4}1”’1{,‘1,‘ xx + Cl" Ex:r:l

Further, the unknown constants 47 ,A™ B™ and £.. as given in Equation (7.192) are used. Then comparison of
Equation (7.211) and Equation (7.213) gives the effective axial modulus E; .

Special Case: Fibre and Matrix Materials are Isotropic

The strain energy of the equivalent homogeneous cylinder obtained using Equation (7.211) and Equation (7.204).
The strain energy of the concentric cylinders can be obtained using Equation (7.199) — Equation (7.201) and
Equation (7.184) in the last of Equation (7.212). The strain energy for concentric cylinders is given as

a’ [4kf (A7)* + 4d;e, AT + 2, [JI, + Ep,f)]
U =2+ — a4k, (A7) + 448 A" + el (A + 20,01 (7210)
2

) +8A™B™u,, In (%)

file:///D]|/Web%20Course%20(Ganesh%20Rana)/Dr.%20M ohite/ CompositeM aterial s/l ecture30/30_7.html[8/18/2014 4:00:34 PM]



Objectives_template

In above equation, the unknown constants 47 ,4™ B™ and £.. and as given Equation (7.205) can be used for
further simplifications. Thus, equivalence of strain energies of concentric and equivalent homogeneous cylinder
will lead to effective axial modulus E7.
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Effective Axial Poisson’s Ratio:

The effective axial Poisson’s ratio can be determined from the preceding problem definition. Here, we
define the effective axial Poisson’s ratio as the ratio of associated lateral strain to the axial strain due to
applied load in axial direction. Thus,

(m)
w b)/b
i, = (b)/ (7.215)
EJ:’J:’
From Equation (7.176) we can write
. -1 (ﬂm N Es‘m)
v, = — — 7.216
12 = e ( )

The constants 47 ,A™ B™ and £.. and given from Equation (7.192) can be used in the above equation.

Further, one can give the constants A™ and B™ in terms of £,.,. as in Equation (7.197).

2v, cp el + (1—-v,)ep(en —ep + ¢, + ¢
(v e —cp(ep+cp—cl, —cl) + (cp+cp)(cp —cp +cf, + ¢l

Vi = (7.217)

Special Case: Fibre and Matrix Materials are Isotropic

When both fibre and matrix materials are isotropic in nature, then using either Equation (7.205) or
Equation. (7.209), the axial Poisson’s ratio is given as

Vf[l _ Vf)[i:!':f} _ v{m}) {k P_:m%} _ (kf#_;_nj-_&f_)
m 3

(L = Ve )t , _ Vetim
(b +5)  (en+53)

(7.218)

vi, = [1 — Vf)v':m} + va':f} +

+1

Comparing this equation with the corresponding equation in strength of materials approach, we see that
the first two terms are exactly same. It should be noted that the third term is not a small term.
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Home Work

1. What are the deformations or load conditions to be imposed on the concentric cylinders to
determine the effective axial modulus and Poisson’s ratio?

2. What are the continuity conditions to be imposed on the concentric cylinders to determine the
effective axial modulus and Poisson'’s ratio?

3. Outline the methodology with key points to determine the effective axial modulus and
Poisson’s ratio using CCA model.
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