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Figure 1: Inertial frame and body fixed frame

• Newtons laws, valid only in Inertial Frame∑
F =

d

dt

(
mV

)
;
∑

M =
d

dt

(
H
)

H : Angular Momentum

mV : Linear Momentum

• Consider an airplane as shown in Figure 2
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Figure 2: δm element
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• Let V be the velocity of the elemental mass, δm of the airplane. V is the velocity

of δm with respect to inertial frame.

• Let δF be the resulting force acting on the mass δm. By Newton’s second law

(assume mass is constant; not changing with time).

δF = δm
dV

dt

also ∑
δF = F

The velocity of δm with respect to inertial frame can be written as

V = Vc +
dr

dt

Vc is the velocity of the center of mass

Then ∑
dF = F =

d

dt

∑(
Vc +

dr

dt

)
δm

F = m
dVc
dt

+
d

dt

∑ dr

dt
δm

F = m
dVc
dt

+
d2

dt2

∑
rδm

• Since r is measured from the center of mass, so∑
rδm = 0

• The force equation becomes

F = m
dVc
dt

• Moment equation:

δM =
d

dt

(
δH
)

=
d

dt

d

dt
(r × V ) δm

V = Vc +
dr

dt
= Vc + ω × r

ω is the angular velocity of the vehicle

r is the position of the mean element measured from center of mass
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H =
∑

δH =
∑

(r × Vc) δm+
∑

[r × (ω × r) δm]

Vc is constant with respect to the summation and can be taken outside the summa-

tion sign.

H =
∑

(rδm) × Vc +
∑

r × (ω × r) δm∑
rδm = 0 (Definition of c.g.)

H =
∑[

r ×
(
ω × V

)]
δm

Let

ω = p̂i+ qĵ + rk̂

r = xî+ yĵ + zk̂

Solving for H, with ω and r yields

Hx = p
∑(

y2 + z2
)
δm− q

∑
xyδm− r

∑
xzδm

Hy = −p
∑

xyδm+ q
∑(

x2 + z2
)
δm− r

∑
yzδm

Hz = −p
∑

xzδm− q
∑

yzδm+ r
∑(

x2 + y2
)
δm

•

Ix =

∫ ∫ ∫ (
y2 + z2

)
δm ; Iy =

∫ ∫ ∫ (
x2 + z2

)
δm

Ixy =

∫ ∫ ∫
xyδm ; Ixz =

∫ ∫ ∫
xzδm

Iz =

∫ ∫ ∫ (
x2 + y2

)
δm ; Iyz =

∫ ∫ ∫
yzδm

•

Hx = pIx − qIxy − rIxz

Hy = −pIxy + qIy − rIyz

Hz = −pIxz − qIyz + rIz

• If the reference frame (in this case inertial frame) is not rotating, then as the airplane

rotates the moments and the product of inertia will vary with time.

• To avoid this difficulty, we fix the axis system to the aircraft (in this case at c.g.

body axis system)
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• Since the body fixed axis is not inertial frame, we need to use the following definition

of derivative of a vector

dA

dt

∣∣∣∣
Inertial

=
dA

dt

∣∣∣∣
Body

+ ω × A

So

F = m
dVc
dt

∣∣∣∣
B

+ ω × Vc

M =
dH

dt

∣∣∣∣
B

+ ω ×H

Solving these two equations, we get

Fx = m (u̇+ qw − rv)

Fy = m (v̇ + ru− pw)

Fz = m (ẇ + pv − qu)

L = Ixṗ− Ixz ṙ + qr(Iz − Iy) − Ixzpq

M = Iy q̇ + rp (Ix − Iz) + Ixz
(
p2 − r2

)
N = Iz ṙ − Ixzṗ+ Iz ṙ + pq (Iy − Ix) + Ixzqr

• Since the airplane is choosen to be symmetric about xz plane;

Iyz = Ixy = 0

•

Fx = Fxgravity
+ Fxpropulsion

+ Fxaerodynamic

Fy = Fygravity + Fypropulsion + Fyaerodynamic

Fz = Fzgravity + Fzpropulsion + Fzaerodynamic

•

Fxgravity
= −mg sin θ

Fygravity = mg cos θ sinφ

Fzgravity = mg cos θ cosφ
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