NPTEL — Mechanical Engineering — Nonlinear Vibration

Module 6
APPLICATIONS
NONLINEAR VIBRATION OF MECHANICAL SYSTEMS
6 31-42 SDOF Free and Forced Vibration: Duffing Equation,
van der pol’s Equation: Simple or primary resonance,

Applications sub-super harmonic resonance.

Parametrically  excited system-  Mathieu-Hill’s
equation, Floguet Theory, Instability regions; Multi-
DOF nonlinear systems and Continuous system,
System with internal resonances

6A 1 Single degree of freedom Nonlinear conservative systems with Cubic
Free nonlinearities.
V:\g;?::}%gff 2 Single de_gree of fregdom_r!onlinear conservative systems with quadratic
Systems apd Cubic and nonlinearities. . ' .
3 Single degree of freedom non-conservative systems: viscous damping,
guadratic and Coulomb damping
4 non-conservative systems: Negative damping, van der Pol oscillator,
simple pendulum with quadratic damping
6B 1 Single degree of freedom Nonlinear systems with Cubic nonlinearities:
Forced Primary Resonance

nc.JnIin('ear 2 | Single degree of freedom nonlinear systems with Cubic nonlinearities:
Vibration Nonresonant Hard excitation

3 Single degree of freedom Nonlinear systems with Cubic and quadratic
nonlinearities and self sustained oscillations

4 Multi-degree of freedom nonlinear systems

6C 1 Parametrically excited system: Floquet theory, Hill’s infinite determinant
n(_)nllnt_ear 2 Parametric Instability region: sandwich beam vibration
Vibration
of 3 Base excited magneto-elastic cantilever beam with tip mass
Parametrically | 4 System with internal resonance: Two-mode interaction: Base excited
excited cantilever beam with tip mass at arbitrary position
system
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Module 6 Lect 1

Free Vibration of Nonlinear Conservative system

In this lecture we will learn about the free vibration response of nonlinear conservative systems.
Initially the qualitative analysis will be demonstrated and later by using one of the perturbation
methods the free vibration response of the single degree of freedom system will be illustrated using
different examples.

Qualitative Analysis of Nonlinear Systems

Consider the nonlinear conservative system given by the equation

U+ f(u)=0 (6.1.1)
Multiplying U in Eq. (6.1.1) and integrating the resulting equation one can write as

[ (i + uf (u))dt =h

or, ju dt+jf() d(u )dt—h (6.1.2)

Or, [udu + j f (u)du =

or, %uz +F(U)=h, where, F(u) = f (u)du (6.1.3)

This represents that the sum of the kinetic energy and potential energy of the system is constant. Hence,
for particular energy level h, the system will be under oscillation, if the potential energy F (U)is less

than the total energy h. From the above equation, one may plot the phase portrait or the trajectories for
different energy level and study qualitatively about the response of the system using the following
equation.

2(h—F(u)) (6.1.4)

It may be noted that velocity exists, or the body will move only when h>F(u). One will obtain
equilibrium points corresponding to h = F(u) or when F'(u) = f (u) =0. For minimum potential energy
a center will be obtained and for maximum potential energy a saddle point will be obtained. The
trajectory joining the two saddle points is known as homoclinic orbit. The response is periodic near the
center.

Example 6.1.1 Perform qualitative analysis of spring-mass system with a soft spring. Take mass of the
system as lunit, linear stiffness 1 unit and stiffness corresponding to cubic nonlinear term as 0.1 unit.
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Solution: In this case the equation of motion of the system can be given by

X+x—-0.1x*=0 (6.1.5)

For this system F(x) = J' f (x)dx :I(x —0.1x%)dx :%x2 _4iox4 (6.1.6)

Figure 6.1.1 shows the variation of potential energy F(x) with x. It has its optimum values
corresponding to (F'(x) = f(x)=0) x=0 or ++/10 . While x equal to zero represents the system with

minimum potential energy, the other two points represent the equilibrium points with maximum
potential energy. Now by taking different energy level h, one may find the relation between the

velocity v and displacement x as v=x=./2(h—F(x)) = \/Z(h —(0.5x* —0.025x"))

Fig. 6.1.1: Potential well (curve with blue colour) and phase portrait (red colour) showing saddle point
(S) and center (C) corresponding to maximum and minimum potential energy.

Now by plotting the phase portrait one may find the trajectory which clearly depicts that the
equilibrium point corresponding to maximum potential energy is a saddle point (marked by point S)
where the equilibrium point is unstable and the equilibrium point corresponding to the minimum
potential energy is stable center type (marked by point C). Clearly the orbit joining the points S and S is
homoclinic orbit. Depending on different initial conditions i.e the total energy of the system, near the
center one will obtain periodic orbits. Y e

Example 6.1.2: Perform qualitative analysis for a simple pendulum.

Solution: The governing equation of motion of the system is given by (Eq. 2.1.7)
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Let us consider the Duffing equation with cubic nonlinear term for the free vibration study of a
nonlinear system.

du 0
F‘FCOOU +e&u = (6110)

Using method of multiple scales, the solution of this equation can be given by

U=u,+eu, +&°u, +0(e’) (6.1.11)
Taking the time scale T, =¢"t (6.1.12)
%: D, +&D,+&°D, + v, , D, =% (6.1.13)
3—2: D; +2£D,D, + &% (D} +2DyD, )+ .vvvvvveee (6.1.14)

Substituting Egs. (6.1.11-6.1.14) in Eq. (6.1.10) and separating terms with different order of ¢one
obtains the following equations.

Order of &°
DU, + @2, =0 (6.1.15)
Order of &'
DZu, + wiu, = -2D,D,u, — u; (6.1.16)
Order of &2
DZu, + wfu, =-2D,D,u, —2D,D,u, — D?u, —3uly, (6.1.17)

Solution of Eq. (6.1.15) can be given by
u, = A(T,,T,,)e"" + A(T,, T,,)e " (6.1.18)

Substituting Eq.(6.1.18) in Eq. (6.1.16) one obtains
DZu, + wlu, = —[2icw,D,A+3A*Ale"™ — A%®*™ +cc (6.1.19)

To eliminate the secular term (coefficient of e'*™ ) term marked in pink colour should be equated to
zero.

Hence, 2iw,D,A+3A*’A=0 (6.1.20)
From Eq. (6.1.19), the solution of u, can be written as
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3
TREANS T (6.1.21)
8wy

Now Substituting A:%aexp(i/}) (where aand g are real number) in Eq. (6.1.20) and separating the

real and imaginary parts one obtains

E=0, and —a)oa%+§a3 =0 (6.1.22)
oT, oT, 8

1 1

Hence, a is not a function of T,and T,. So up on integration Eq. (6.1.22) can be written as

3
a=a(,), andﬁ:QaZTﬁﬁo(l'z) (6.1.23)
0
Substituting Eqg. (6.1.18) and Eq. (6.1.21) in Eq. (6.1.17), one can write
3°n2
D2u, + @?u, = —| 2iw,D,A— oA 2A g +2—12 A* Ag T —iz A%e¥h + cc (6.1.24)
8w, 8wy, 8wy,
Secular term
o 15A°A?
For the secular term to be zero one can write 2iw, DZA—S—2 (6.1.25)
Wy

The solution of remaining part of Eq. (6.1.24) can be written as
5
A s 2L pagedan oo (6.1.26)

U, = ———
> Bla, 640,

Now Substituting A:%aexp(iﬂ) (where aand g are real number) in Eq. (6.1.25) and separating the

real and imaginary parts one obtains

@ _gand 0, L =4 (6.1.27)
aT, 0T, 256w,
So, a is aconstant. Now using Eqgs. (6.1.23, 6.1.27) one can write
5
- a‘T. + 6.1.28
Hence, from Eqg. (6.1.23)
3, 15
= aT — aT, + 6.1.29
Pt s 2 2T (6.1.29)
Hence the solution of the system can be written as
ga’ 21a’ g’a’
u=acos(at+y)+ 1-¢ cos3(wt + 7) + cos5(wt + ) +o(& 6.1.30
(ot +7) 32605( 320)5} (wt+7) 10240 (ot +y)+0(e7) ( )
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2 4
where, o=@, +¢ 3 _ g 1oa —+0(&°%) (6.1.31)
8w, 256,
From Eqg. (6.1.31) it may be noted that the frequency of oscillation is a function of amplitude
oscillation. It may be recalled that in case of linear system frequency is independent of amplitude of
oscillation.

For, the simple pendulum taking @, =+/g/L , where g is the acceleration due to gravity and L is the

length of the pendulum (= 1 m) , the variation of frequency with amplitude is shown in Fig. 6.1.4. The
phase portrait for the periodic response considering only the first order solution is shown in Fig. 6.1.5.

i 1 i
3.1 3.2 3.3 3.4 3.5 -5 0 5
] u

Fig. 6.1.4: Frequency amplitude

i i Fig. 6.1.5: Phase portrait showing the periodic
relation for a simple pendulum

motion for a simple pendulum
Exercise Problems:

1. Perform qualitative analysis for the following nonlinear systems. Using equation (6.1.30) plot the
response of the system and compare both the results.

(a) jz +4p+u3 =0 (c) j+9u+0.5 u?+ 0.1u3 =0
(b) i +p+p? =0 (d) iz +100p+ 104° =0
(e) jz+p+0.1 3+ 0.05u3 =0
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Module 6 Lecture 2

Free vibration of nonlinear single degree of freedom conservative systems with quadratic and
cubic nonlinearities.

In this lecture the free vibration response of a nonlinear single degree of freedom system with
quadratic and cubic nonlinearities will be discussed with numerical examples. As studied in module 3,
the equation of motion of a nonlinear single degree of freedom system with quadratic and cubic
nonlinearities can be given by

X+ X+ ea, X’ +eax> =0 (6.2.1)

Here o, is the natural frequency of the system «,and «, are the coefficient of the quadratic and cubic

nonlinear terms. Also ¢ is the book-keeping parameter which is less than 1. Using method of multiple
scales the solution of this equation can be written as

X(t;8)= e, (Ty, Ty, Ty )+ 82X, Ty, T Ty o)+ €3%, (To, T Ty ) 4 (6.2.2)

Using different time scalesT,, T,,andT,where T =¢&"tand Eq. (6.2.2) in Eq. (6.2.1) and separating the
terms with different order of & one can write the following equations.

Order of &'

DZx, +aix =0 (6.2.3)
Order of &°

DZX, + @}x, =—2D,Dx, — a,X (6.2.4)
Order of &°

DZX, + @)X, = —2D,D,X, — D/ x, —2D,D,X, — 2c,%, X, — X’ (6.2.5)

The solution of (6.2.3) can be written as

x, = A(T,,T,) exp(ico,T,) + Aexp(—ie,T,) . (6.2.6)
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Here A is an unknown complex function and A is the complex conjugate of A. Substituting (6.2.3)
into (6.2.4) leads to

DX, + §X, = 2ie, D, Aexp(iogT,) — a, | A° exp(2ia;T,) + AA |+cc (6.2.7)

Secular term

Here cc denotes the complex conjugate of the preceding terms. To have a bounded solution one should
eliminate the secular term and hence

dA
DA=—=0 6.2.8
AT, (6.2.8)

Therefore A must be independent of T,. With D,A=0 the particular solution of (6.2.7) can be written
as

2
A —exp(2im,T,) - 2 AA+cC (6.2.9)

o 0)0

X; =

Substituting the expression for x, and x, from equation (6.2.6) and (6.2.9) into (6.2.5) and recalling
that D,A=0 we obtain

DZX, + @)X, = —| 2icw,D,A~ WAZ exp(ia,T,)
0
Secular Term (6.2.10)
30[30;’—4;20[2 A®exp(3iwm,T,) +cc

To eliminate the secular terms from x,, we must put

9,0 —10a? KX

2

A=0 (6.2.11)
3wy

2iw,D,A+

Using Azéaexp(iﬂ) where a and g are real function of T, in Eq. (6.2.11) and separating the result

into real and imaginary parts, one obtains

100 — 90,0

a’=0 6.2.12
24} ( )

®a'=0 and waf’ +
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where the prime denotes the derivative with respect to T,. As a’'=0, a is a constant and

100 —9a,0) s
240} w,a

9o, —10a?

a’T, + 6.2.13
2407 2t (6.2.13)

p = or f=

Here $, is a constant. Now using T, = £°t one may write

9a,0f —10a’

1 )
A="aexp|i 2a%t +i 6.2.14

Substituting Eq. (6.2.14) in the expressions for x, and X, in Egs. (6.2.6), (6.2.9) and (6.2.2), one
obtains

ga’a, 1 3
x:gacos(wt+ﬂ0)—7 1—§cos(2a)t+2ﬂo) +0(¢&7) (6.2.15)
a,

0

9,0 —10a;

4

Here =, |1+
24w,

828.2:|+O(6‘3) (6.2.16)

This solution is in good agreement with the solution obtained using the Lindstedt-poincare’ procedure.
[ Nayfeh and Mook, 1979].

Example 6.2.1: Taking a; = ) = k=100, «, =land a, =15 in eq" 6.2.1find the response of the

system.

Using Eq. (6.2.16) the variation of frequency with amplitude is shown in figure (6.2.1). Taking two
values of a (viz., a=0.009 and a=.029) the time response has been plotted in figure (6.2.2). It may be
noted
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amplitude

_11 1.0005 1.001 1.0015 1.002 1.0025
frequency

Figure 6.2.1: Variation of amplitude with frequency for

velocity

>3 E; K 0 1 2 3
displacement -3

Figure 6.2.2.(a): Time response (b) Phase portrait corresponding to initial amplitude a=0.009 and
a=.029

By changing the quadratic nonlinear terms «, from .5 to 2.5 and keeping all other parameter same
figure (6.2.3) shows the variation of the frequency with amplitude of oscillation.
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Figure 6.2.3: Variation of frequency with amplitude for different values of «,

1
o, =35

0_5_ ............................................................................................
' H]
o
=
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£
s
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Figure 6.2.4: Variation of frequency with amplitude for different values of ¢,
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In Figure 6.2.3, by varying the amplitude form -1 to +1 , the frequency of the system changes and it
decreases from 1.005 to .98 by increasing «, from .5 to 2.5. One may observe the reverse phenomenon

by increasing ;. Also the orientation of the frequency response curve changes from left to right when

a, is greater than 1 or a, <1. It may be noted that for a linear system the response frequency of the

system does not depend on the amplitude of the response. But in case of the nonlinear system it
depends on the response amplitude. A Matlab code is given below which may be used to obtain the
frequency response, time response, and phase portrait for different system parameters.

%NPTEL WEB MODULES6 L2--Free Vibration: Duffing Oscillator
% Response plot using the method of multiple scales
clear all
clc
omega=1,;
alphal=omega”2;
alpha2=1,;
alpha3=1.5;
ep=0.1;
pl=(9*alpha3*alphal-10*alpha2/2)/(24*alphal”2)
i=1
for a=0:0.001:1
om=sgrt(alphal)*(1+pl*ep”2*a.”2)
s(i,1)=a;
s(i,2)=om;
i=i+1;
end
figure(1)
plot(s(:,2),s(:,1),s(:,2),-s(:,1), linewidth',2)
grid on
set(gca,'FontSize',15) % For changing fontsize of tick no
xlabel("\bf frequency’,'Fontsize’,15)
ylabel("\bf amplitude','Fontsize',15)
nl=length(s)
bt0=0;
for ii=10:20:40
om1=s(ii,2)
al=s(ii,1)
T=2*pi/om1,;
=L
for t=0:T/1000:10*T
p2=ep”2*al”2*alpha2/(2*alphal);
p3=1-(1/3)*cos(2*om1*t+2*ht0);
X(jj)=ep*al*cos(oml*t+bt0)-p2*p3;
t(i)=t;
=i+
end
n2=jj-1
for k=2:n2
xt(k-1)=(x(k)-x(k-1))/(tt(k)-tt(k-1));
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end

figure(2)

plot(tt,x,'linewidth',2)

hold on

grid on

set(gca,'FontSize',15) % For changing fontsize of tick no
xlabel(\bf Time','Fontsize',15)
ylabel(\bfx','Fontsize',15)

figure(3)

plot(x(1:n2-1),xt,'linewidth',2)

hold on

end

grid on

set(gca,'FontSize',15) % For changing fontsize of tick no
xlabel("\bf displacement','Fontsize',15)

ylabel(\bf velocity','Fontsize',15)

Exercise problem 6.2.1:

Find the frequency response of a single degree of freedom system with mass=1 kg, stiffness=100 N/m,
nonlinear quadratic and cubic stiffness parameter equal to 20 N/m?and 10 N/m?® respectively. Vary the
book-keeping parameter and study the variation of frequency with amplitude.

Module 6 Lecture 3

FREE VIBRATION OF NONLINEAR SINGLE DEGREE OF FREEDOM
NONCONSERVATIVE SYSTEMS

In this lecture discussion on the vibration of a linear single degree of freedom system with viscous,
Coulomb damping, quadratic dumping and will be carried out using method of averaging.

System with viscous damping

Let us consider a single degree of freedom system with viscous damping. The equation of motion of
this system with massm, stiffness k and damping c can be written as

mu+ku+cu=0. (6.3.1)
The same system can be written using the term natural frequency @, , damping ratiod as

U+o’u+2lou=0 (6.3.2)
Or, U +awiu = f (u,u)=-24w,u =2 (6.3.3)
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By using Krylov-Bogoliubov method of averaging for an under damped system (¢ <1) the solution can
be written as

u=asin(eot+ f) (6.3.4)

where

a=—iwn_fsin¢(f(acos¢,—a)nasin ¢))dg (6.3.5)
=_27r;a2-fcos¢(f (acosg,—m,asing))dg (6.3.6)

Substituting expression for f (u,u)from Eq. (6.3.3) in Eq. (6.3.5) and Eq. (6.3.6), one obtains

a:-gLaTsinzqﬁdgﬁ:—gﬂa (6.3.7)
T %9
and /2 =-[singcosgdg=0. (6.3.8)
T

Solving Eq. (6.3.7) and Eq. (6.3.8) yields
a=a exp(—eut)=a,exp(—¢ot), B=4 (6.3.9)
Here a,and g, are the initial displacement and phase of the response. Substituting Eq. (6.3.9) in Eq.

(6.3.4) one obtains the following equation.
u=a exp(—¢ot)cos(at+p)+0(¢) (6.3.10)

This equation is same as the expression one may obtain by finding the complementary function of the
differential equation (6.3.2). Using the u, and u, as the initial displacement and velocity respectively,

one may write Eq. (6.3.10) as

u= exp(—(a)nt)[u0 cosw,t+((U, +Swu,)/ @, )sin a)dt] (6.3.11)

Where the damped natural frequency o, = w, \1-¢*

For over damped (£ >1) system one may use the following expressions for the response.

u= (u0 +(§+\/m>a)nuo)/(2a)n\/m)exp(—§+\/§2——l)a)nt+

(6.3.12)
(—uo +(-¢ 4 —1)a)nu0)/(2a>m/§2 ~1)exp(~¢ —¢" -1)mt
For critically damped (¢ =1) system one may write the response as follows.
u=(u,+(u, +ou,)t)exp(-a) (6.3.13)
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A Matlab code is given below to plot the under damped, critically damped and over damped response
of a system as shown in figure 6.3.1.

0.15 ; g !
0.1}

0.05}1

]

|

1 '
1 7
1 !

i

| / Under cilamped _ :
-0.05}+ L e ..................... PR i

'0'10 5 10 15 20

Time

Figure 6.3.1(a): Time response of a linear single degree of freedom with viscous damping.

Figure 6.3.1(b): Time response of the system with linear damping. (a0 =3,0, =1¢=05u=0.09, 4 = —3.15)

Using Eq. (6.3.10) the time response is shown in Fig. 6.3.1(b). It may be noted that the response decreases exponentially.
The corresponding Matlab code is given below
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Matlab code 6.3.1:
%Free Vibration response of a linear single degree of freedom system

x0=0.1;
xt0=0.001;
wn=2;
zeta=1.5;
t=0:0.001:20;

%overdamped

zl=-zetat+sqgrt(zetan2-1);
z2=-zeta-sqrt(zetan2-1);
z3=2*wn*sqrt(zetan2-1);
A=(xt0-z2*wn*x0)/z3;
B=(-xt0+z1*wn*x0)/z3;
Xx1=A*exp(z1*wn*t)+B*exp(z2*wn*t) ;

%critically damped
X2=(X0+(XtO0+wn*x0)*t) . *exp(-wn*t)
%underdamped

zt=0.2 %Damping factor
wd=wn*sqrt(1-zt"2);
x3=exp(-zt*wn*t) . *(((xt0+zt*wn*x0)/wd) - *sin(wd*t)+x0*cos(wd*t)) ;

plot(t,x1,"r",t,x2,"b",t,x3,"g", "linewidth",2)
grid on

set(gca, "FontSize",15) % For changing fontsize of tick no
xlabel (*\bf Time", "Fontsize",15)
ylabel (*\bf x","Fontsize",15)

Matlab code 6.3.2:

% plotting of linear damping (Eq. 6-3.10).
clc

clear all

a0=3;

ep=.5;

mu=.09;

t=0:0.1:100;

omega=1;

beta=-3.15;

a=a0*exp(-ep*mu*t);
u=a0*exp(-ep*mu*t) . *cos(omega*t+beta);
plot(t,u,t,a,"--",t,-a,"--")

% title("SYSTEM WITH LINEAR DAMPING™)
set(findobj(gca, "Type*,"line"), "Color","b", "LineWidth",2);
set(gca, "FontSize~,14)

xlabel ("t", "fontsize", 14, "fontweight®,"b");
ylabel ("u®, "fontsize", 14, "fontweight®,"b");
grid on
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Single degree of freedom system with quadratic damping.

Here, the equation of motion of the system can be written as

U+wu="f(uu)=—cilul (6.3.14)
Similar to viscous damping here also using KB method the solution can be written as

u=asin(o,t+ f) (6.3.15)
Here, a and Scan be given by Eq. (6.3.5) and (6.3.6). Now using the expression for f (u,u)in Eq.
(6.3.5) and (6.3.6), one may write

. ga’ (OR
- 27m) | f (acosg,—wasing))dg=— Ism lsing|dg
_fae, Usm pdgp— J.sm ¢d¢}=——gaa) (6.3.16)
and p=——2 fcos¢( f (acosg,—m,asing))ds (6.3.17)
7w a
Solving Eq. (6.3.16) and Eq. (6.3.17) one may write Eq. (6.3.15) as
aO
u zchS(a)nt-i—ﬂo)-FO(é‘) (6318)
1+73”" et

) 20 40 60 80
Figure 6.3.2: Time response of the system with quadratic damping. (a0 =2,w,=1¢=01p = —3.15)
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Using Eq. (6.3.18) the time response is shown in Fig. 6.3.2. It may be noted that unlike the linear system the response does
not decreases exponentially but decreases algebraically. The corresponding Matlab code is given in Matlab code 6.3.3.

Matlab code 6.3.3:

% plotting of quadratic damping. (Eq.6.3.18)
clc

clear all

a0=2;

ep=-1;

t=0:0.1:80;

omega=1;

beta=-3.15;
a=a0./(1+(4*ep*omega*al*t)/(3*pi));
u=a.*cos(omega*t+beta);

pIOt(t1u1t1a1 -t 1t1_a1 .__.)

% title("SYSTEM WITH QUADRATIC DAMPING™®)
set(findobj(gca, "Type","line"),"Color","b","LineWidth",2);
set(gca, "FontSize",14)

xlabel ("t", "fontsize~",14, "fontweight”, "b");
ylabel("u”®, "fontsize~",14, "fontweight”,"b");
grid on

System with Coulomb damping
In this case the equation of motion of the system can be given by

mX+kx+F, =0
uN for x>0 (6.3.19)

F. = uNsgn(x) =

- = #Nsgn(x) {—yN forx<0

Using method of averaging this equation can be written as
—ug forx>0

X+wix="f=-F Im= _ (6.3.20)
ug forx<0

The solution of the above equation can be written as
X =acos(ayt + )

where

a= —i@n[sin #(f (acosg,—wasing))dg = —;:—;{.:[sin gdg— fsin ¢d¢} = —2;%"9 (6.3.21)
. g 2z . 8#9 F 5 2z

B=- o jcos¢( f (acosg,—w,asing))dg = —%Ucosqﬁd(/ﬁ— j cos¢d¢} =0 (6.3.22)

Integrating Eq. (6.3.21) and Eq. (6.3.22) one may obtain
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a—a -9y 5_p (6.3.23)
7w,

Substituting Eqg. (6.3.23) in Eq. (6.3.20) the response of the system can be written as

x:(a0 —M—ﬂgthos(a}nt+ﬁo)+O(8) (6.3.24)

Tw
n

40 60 80 100

=]
[ N ..
=]

Figure 6.3.3: Time response of the system with Coulomb damping.
(a,=2,0,=1.3,6=.1, 49 =0.4, 5, =—-3.15)

Here it may be noted that the response of the system decreases linearly. A Matlab code is given below.

Matlab code 6.3.4:

% plotting of time response for system with Coulomb damping. (E(Q.6.3.24)
clc

clear all

a0=2;

ep=.1;

mug=.4;

t=0:0.1:100;

omega=1.3;

phi=omega;

beta=-3.15;

a=a0-((2*ep*mug*t)/(pi*omega));

u=a.*cos(omega*t+phi);

pIOt(t1u1t1a1 -t 1t1_a1 .__.)

% title("SYSTEM WITH COULOMB DAMPING™®)

set(findobj(gca, "Type","line"),"Color","b","LineWidth",2);
set(gca, "FontSize",14)

xlabel ("t", "fontsize~",14, "fontweight”, "b");

ylabel("u®, "fontsize~",14, "fontweight”,"b");

grid on
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Exercise problem :

1. Find the response of a single degree of freedom system with mass 1 kg, stiffness 100 N/m and
damping factor 10 N.s/m. Plot the time response and phase portrait. Also plot the phase portrait
considering coulomb damping and quadratic damping. Develop a Matlab code for finding the time
response and phase portrait by using second order governing differential equation of motion (Use
Runge-Kutta method).

Hints-The Matlab code for the system with viscous damping is given below

Matlab code 6.3.5:

%Use Runge-Kutta method to obtain the response of a sdof vibrating system

m=input( ‘mass of the systeminkg= ")

k=input( ‘Stiffness of the system in N/m = )
c=input( ‘damping factor of the system in N.S/m= ")
uO=input(‘initial Displacement in m="
vO=input(“initial velocity in m="
omega_n=sqrt(k/m),

zeta=c/(2*m*omega_n);

if (zeta>1)
display(over damp system)
u=
end
if(zeta==1)
display(“critically damped system”’)

u:
end

if(zeta<l)

display(‘under damped system”’)
u=u0*sin(omega_n*t)+(vO/omega_n)*cos(omega_n*t)
end

plot(t,u)
[T,u]=0ded5(@ex631f,[0,20],[0.1,0.01]
Xlabel

Ylabel

Title

function
Ex631f
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2. Find the response of a single degree of freedom system with Hysteretic damping. The equation of
motion in this case is given by.

X+aix=¢f
X+X =X X X=X
_f X X > XX,
X=X, —X, X, > X2 X,
X X, = X=X

s d a

X =X —2X and X =X, +2X

3. Find the response of a single degree of freedom system with material damping by considering (a)
Maxwell model (spring and dashpot) in series, (b) Kelvin-Viogot Model (spring and dashpot) in
parallel. Consider soft spring with cubic nonlinearity in both the cases.

Module 6 Lecture 4

FREE VIBRATION OF SYSTEMS WITH NEGATIVE DAMPING

In this lecture initially the system with negative damping will be discussed. Then the free vibration
response of systems similar to van der Pol type of oscillator will be discussed with the help of
numerical examples. Finally the nonlinear response of a simple pendulum with viscous damping will be
illustrated.

There are many systems which can be modeled as a system with negative damping. This type of system
particularly occurs in control system where the derivative gains if not properly adjusted will give rise to
negative damping. Also this type of damping can be found in the high voltage transmission lines. The
equation of motion for this type of system for example that of a Rayleigh oscillator can be given by
i+ou=ef =¢(u-u’) (6.4.1)
There are many systems which can be modeled as a system similar Rayleigh oscillator.

Using KB method the response amplitude aand phase g of the system can be given by

Joint initiative of IITs and 1I1Sc — Funded by MHRD Page 22 of 104



NPTEL — Mechanical Engineering — Nonlinear Vibration

2z

4= _LTsin #(f (acosg,—masing))dg = —:—aj(sinz go’a’sin' ¢)dg

272'(0n 0 T %
= l_ga(l_éa):azj (642)
2 4
. e 7 . e|¥ 202 ain? H
ﬂ:_27m)na !cosyﬁ( f (acosg,-w,asin ¢))d¢=—5“(1—a)oa sin’ ¢)sin ¢cos¢d¢} =0 (6.4.3)

Solving Eq. (6.4.2) one can write

2

aO

jwjaj + (1— j a)jaj)exp(—gt)

2

a’= (6.4.4)

The time responses obtained by using Eq. (6.4.4) are shown in figure 6.4.1 for large and small initial
disturbance condition. It is observed that while with large initial disturbance the response decreases to

2 ! ! ; 1.5
) : : :
15k« Ry : : & 1L
10044 ........... i J | WU | OO | IO | I
: ] 051
0.5}
= O = 0
0.5H-
-05F
- 1k NS e
TP (IR oo NURSITS W S :
2 L L L 15 i i L
0 20 40 60 80 0 20 40 60 80

Figure 6.4.1: Time response of the system with Rayleigh damping. (a) Large initial disturbance (a, =2)
(b) Small initial disturbance (a, =0.2); (@, =1.3,6 =.1, ug = 0.4, B, =—-3.15)

attain the steady state periodic response, and in case of small initial disturbance the response grows to
attain the steady state periodic response. Matlab code 6.4.1 may be used for plotting the time response
of the system with Rayleigh damping.

Matlab code 6.4.1:

% plotting of time response of the system with Rayleigh damping.Equation no-6.4.4.
clc

clear all

a0=2;

%a0=.2;

ep=.1;

t=0:0.1:80;

omega=1;
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beta=-3.15;

al=0.75*(omega*a0)"2;
a2=a0.M2./(al+(1-al)*exp(-ep*t));
a=sqrt(a2);

u=a.*cos(omega*t+beta);

pIOt(t1u1t1a1 -t 1t1_a1 .__.)

% title("SYSTEM WITH Rayleigh DAMPING®)
set(findobj(gca, "Type","line"),"Color","b","LineWidth",2);
set(gca, "FontSize",14)

xlabel ("t", "fontsize",14, " fontweight”,"b");
ylabel("u®, "fontsize~",14, "fontweight”,"b");
grid on

THE VAN DER POL OSCILLATOR

There are many systems which can be modeled as a system similar to van der Pol’s oscillator which is
named after the Dutch physicist Balthasar van der Pol (27 January 1889 — 6 October 1959). Mostly this
equation is used in electrical circuits but it can also be used in some mechanical system where self
oscillation takes place due to negative damping.

The van der Pol’s equation can be written as

du du
—— tu=g(1-ud)— 6.4.5
e +U=¢&( )dt ( )

Using method of multiple scales the solution of this equation can be given by
u(t;e) = (Ty,T,) + ety (T, T+ (6.4.6)

Where T, =&"t, n=0,1,2,---. Using Eq. (6.4.6) in Eq. (6.4.5) and separating the terms with different
order of &, one obtains the following equations.

Dguo—f-uo :0 (6.4.7)
DZu, +u, =-2D,D,u, + (1 —-u’)D,u, (6.4.8)
DZu, +u, =-2D,D,u, — D/u, —2D,D,u, + (1—u’) D,u, + (L—u’) D,u, — 2u,u,D,u, (6.4.9)

The solution of Eq.(6.4.7) can be written as

U, = A(T,,T,,)e™ + A(T,, T,,)e ™ (6.4.10)
Substituting Eqg. (6.4.10) in Eq. (6.4.8)
DZu, +u, = —-i(2D,A— A+ A*Ale™ —iA%*™ +cc (6.4.11)

secular term

Eliminating the secular term marked in Eq. (6.4.11) one can write
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2D,A=A-A’A (6.4.12)
Now the solution of Eq.(6.4.11) can be written as

_ iTy 1.5 3iT,
u, =B(T,T,)e +§|Ae +cCC (6.4.13)

1 .
AZEa(rlsz)EXp(W(Tl’Tz)) (6.4.14)
Substituting Eqg. (6.4.14) in Eq. (6.4.12) one can write
l1oéa .. 1. 04 . 1 . 1 Y1 .

2| ———exp(ig)+—ia—exp(ig) |=—aexp(ig)—| —aexp(i —aexp(—i 6.4.15

(12 o) 2in 2 exp (1) |- Saesp(io) - Saexo(i)| Laeso(-i0 6415)
Separating the real and imaginary terms one can write

%:0’ a_azl(l_lazja (6416)
oT, o, 2 4

4
Hence, ¢ =¢(T,),anda’ =———— 6.4.17
$=4(T,) o (6.4.17)

So the first order solution of the system can be given by
u=acost+o(e) (6.4.18)
Where
a’ = 4 (6.4.19)

1+(:2—1jexp(—gt)

0
To obtain the second or higher order solution one may use the expression for u, and u, in Eq. (6.4.9)

which yields the following equation.
D2u, +u, =Q(T,,T,,)e™ +Q(T,,T,,)e™ + NST (6.4.20)
Where NST contains non-secular terms.

3702
Q=-2iD,B+i(1-2AA)B -iA’B - 2iD,A—-D?A+(1-2AA)D,A- A°’D,A+ AA

(6.4.21)

Now again substituting Eq. (6.4.14) in the secular term of Eq. (6.4.20) and separating the real and
imaginary parts of the resulting equation one obtains the following equation.

oa
T, (T3) ( )
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za_b_gdibz—Za d_¢+i +(la2_ljd_a (6423)
oT, adT, dT, 16) \16  4)dT,

d(gjz— %+i dTﬁ(la—ijda (6.4.24)
a dT, 16 32 8a

Integrating one obtains

dg 1 7 .1
b=-a] —+— |T,+—a —=alna+ab 6.4.25
(dTZ 16] ‘64 8 o(T2) ( )

In order that the solution to be bounded for all T, the coefficient of T, in the above equation for b must

vanish. Hence one obtains %+i =0.
dT, 16

1

So, g=—-T,+4, (6.4.26)
16

Here ¢, is a constant. Now using the expression for u, and u, the second order solution can be given by

(laz—llna+ab0JsinK1—igzjt+¢o}
1, 64 8 16
u=acos||1- t+¢, |—¢

—& +0(g?
16 1 5. 1, (&%) (6.4.27)
+—a’sin3||1-—&° |t+4¢,
32 16

Here a can be given by the Eq. (6.4.19). Equation (6.4.27) can also be written as

u=acos(t—0) —égaSSin 3(t—6)+o(s%) (6.4.28)
where Gzigzt+lgln a—lga2+90 (6.4.29)
16 8 64
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0 50 100 150 200 0 50 100 150 200

Figure 6.4.2: Time response of the system with van der Pol’s equation (o, =1,& =.1,6, = -3.15)
(a) Small initial disturbance (a, =0.2) (b) Large initial disturbance (a, =3.5).

Example: 6.4.2 Simple pendulum with quadratic damping

The equation of motion of a simple pendulum with quadratic damping can be given by
0 +2500|0|+ @5 5in 0 = 6+ 2506 |6| + ] (9—%@ =0 (6.4.30)

Using method of multiple scales with different time scalesT, = &"t, n=0,1,2,---and writing the motion

of the pendulum @ as follows
0t;e)=e6,(T,,T,,T,)+%6,(T, T, T, )+ %6,(T,, T, T, ) +... (6.4.31)

and substituting Eq. (6.4.31) in (6.4.29) and separating the terms with different order of & one obtains
the following equations.

D20, + w6, =0 (6.4.32)
D20, + w6, =-2D,D,0, (6.4.33)
D56, + ws 0, =—2D,D,6, —2D,D,0, — D6, — 2uD,6,|D, 6| +%9§' (6.4.34)

The solution of Eq. (6.4.32) can be written as
6, = A(Tl’TZ )EXp(i ®,Ty)+cc (6.4.35)

Using Eq. (6.4.35) in (6.4.33) it can be written as
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D;6, + w6, =—2D,D,0, =-2(iw,D, Aexp(im]T, )) +cc (6.4.36)

As the terms in the right hand sides are secular terms, it will be eliminated if D A=0.Hence, Aisnota
function of T . After eliminating the secular term, the solution of Eq. (6.4.36) will contain only

auxiliary part and hence, 6, may be dropped. So one can write

6, = A(T, )exp(ie,T, ) +cc (6.4.37)

1

Now substituting (6.4.37) in (6.4.34) one obtains

D6, + w0, = 2iw, [A’ exp(ioT,)— Aexp(-iaT, )] ~2u [ia)OAexp(ia)oTo )—iow,Aexp(-iaT, )]

‘icoOA. exp(ioT,)-io,Aexp(-iaT,)| + % A Aexp(ioT,) +% AA* exp (—imT, )+

% A'exp(3i,T,) +% A’exp(-3ia,T,) (6.4.38)

non secular terms

Now substituting A:%aexp(iﬂ)in Eq. (6.4.38) one can write

. : 1 1 . .
D6, + @6, = 2w,a siny + 2m,af3 oS y +§a3 cos y +£a3 cos3y+2uwia‘sinylsiny|  (6.4.39)

where y =aot+ . It may be noted that the damping term is periodic and can be expanded in Fourier
series as

sin y |sin y|:i f sin ny (6.4.40)

n=1

Where f = i The secular terms will be eliminated from () if

37
. 8 . 2
a + M % 2o g2 g (6.4.41)
3z 16w,
Solving Eq. (6.4.41) one may write
3ma 9r’a
0 * S0 + B, (6.4.42)

a= , ﬂ = 7
37 +8umwya,T, 128 uw, (37z +8um,a,T, )

Hence, the response of the system can be given by
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2
0= % codapts % _ 3 o) (6.4.43)
37 + 81w, 6,t 128w? i1(37 + 8j1w,0,t) 1280 i1

EXERCISE PROBLEM:

1. Obtain the response of a simple pendulum with quadratic damping. The equation of motion for this
system can be written as follows.

(a) é—2y(6’—9|9|)+w§sin9=0, (b) é+2y(9—9|é|)+a)§ sind=0

Plot the phase portrait and discuss about the equilibrium solution.

2. Obtain the response of a simple pendulum with viscous damping. The equation of motion for this
system can be written as

é+2y9+wgsin9:é+2ﬂ9+a)§(9—%93j:0

Plot the phase portrait and discuss about the equilibrium solution. Compare the results with that
obtained in problem 6.4.1.

Module 6 Lecture 5

Forced Vibration of single degree of freedom system with cubic nonlinearities
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In this lecture, the response of a nonlinear single degree of freedom system with cubic nonlinearies will
be discussed considering a weak forcing function. The simplest form of this equation can be given by
the forced Duffing equation as follows.

U+ @u+2gul + sau’® = ¢ f cosQt (6.5.1)

As discussed in the previous lectures, in the absence of external force, the free vibration response
amplitude of such system is a function of the natural frequency ,of the system. Similar to linear

vibration of the system here we may consider the behaviour of the system near the resonance condition,
i.e., when the external frequency is equal to the natural frequency of the system. This condition is

known as the primary resonance condition (Q = @,). In case of multi-degree of freedom system one

may reduce the system into a number of single degree of freedom system and follow a procedure as
outlined here.

To study the behaviour of the system near the primary resonance condition, one may use the detuning
parameter which represents the nearness of the external frequency to that of the natural frequency.
Hence one may write

Q=w,+¢c0 (6.5.2)
Using method of multiple scales the solution of Eq. (6.5.1) can be written as

u(t;e) = (Ty,T,) + e, (T, Ty) + .o (6.5.3)

Where T, = &"t . Substituting Eqg. (6.5.3) in Eq. (6.5.1) and separating terms with different order of ¢,
one obtains the following equations.

Diu,+ @} =0 (6.5.4)

DZu, + wiu, =-2D,Du, — 2Dy, — au; + f cos(a,T, +oT,) (6.5.5)
The solution of Eq. (6.5.4) can be written as

Uy = A(T, ) exp(ia,T, )+ A(T, ) exp(—ieg, T, ) (6.5.6)

Substituting Eq. (6.5.6) in Eq. (6.5.5) one obtains the following equation.

DU, + wfu, = —[Ziwo (A +Au)+ SaAzﬂ] exp(iem,T,) - a A’ exp(3iw,T,) +% fexp[i(@,T,+0T,)]+cc

Secular term Mixed Secular term
(6.5.7)
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To eliminate the secular and near secular terms from Eq. (6.5.7), one can write

i, (A'+ ,uA)+3aA2K—% fexp(ioT, ) =0. (6.5.8)

Now substituting A = %aexp(iﬂ) in EqQ.(6.5.8) and separating the real and imaginary parts following

reduced equations are obtained.

a'=—ya+£isin(aT1—,B) (6.5.9)
2 w,
3a , 1f
af'=——a’——=—cos(oT, — 6.5.10
B 8 o, 2 o, (O- 1 IB) ( )

To write these two equations in its autonomous form one may use y =o', — # and obtained the
following equations.

, 1f .
a'=—pa+=—-siny

@o (6.5.11)
ay'=aa—§£a3+llcos;/ (6.5.12)
@, 2 w,

One should solve these two equations to obtain aand yand can write the first order solution of the
system in the following form

u=acos(ayt+8)+0(e) =acos(wyt+oT,—y)+0(¢)

(6.5.13)
=acos(wyt+eot—y)+0(e) =acos(Qt—y)+0(¢e)
Now for steady state as a' and y' equals to 0, one can write Eq. (6.5.11-12) as
yazlising/ (6.5.14)
Wy
aa—ﬁia3 =—1icos;/ (6.5.15)
@, 2 w,

Now eliminating » from the above equations, one obtains

2 2
[yz{a—giazj ]az - 4f _ (6.5.16)
2 Wy
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Eq. (6.5.16) is a 6™ order Polynomial in a, but quadratic Polynomial in o . Hence, by solving this
quadratic equation, one can write the expression for the frequency response curve as follows.

3a , f? , |2
c=——a"t|——- 6.5.17

8 w, [40)5 2 M ( )
Hence, for a particular value of detuning parameter one can get different amplitude of the response and
the phase. Now to check the stability of the obtained steady state response, one can perturb the Eq.
(6.5.11) and (6.5.12) to obtain the following Jacobian matrix.
30a; ]

8,

b e

1 [ 9aa§j

2 80,

Now to find the stability of the steady state response one can find the eigenvalues by finding the
determinant of the J — Al matrix. This leads to expression

2 2
/12+2/1/1+/12+(0'—3a—a0J[0'—%—a0J=0 (6.5.19)
@, 8w,

(6.5.18)

The system will be unstable when the real part of at least one of the eigenvalue becomes positive. This
gives rise to the following relation.

2 2
F:[a—saaolﬂa—gaaojhuz <0

8w, 8w,
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Fig:6.5.1 Frequency response curves for ®=1,f=10, a=10,u=0.1

Effect of nonlinearity

50

Fig:6.5.2 Frequency response curves with different values of a
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Module 6 Lect 6

System with non resonant hard excitations

In the previous lecture a single degree of freedom nonlinear system is considered when the amplit

ude of the external excitation (f) is one order less than the linear term (i.e. @?). In the present lecture

the forcing term is assumed to be of same the order as that of the linear term. So the equation of motion
considered in this case is

U+ U+ 2gul + eau® = f cosQt (6.6.1)

Following similar procedure of method of multiple scales, one may write
u(t;e)=uq (Ty,T,) +eu, (To, T,) +...

(6.6.2)

Now separating the terms with different order of ¢ one obtains the following equations.
Diu, + @lu, = f cosQT, (6.6.3)
DZu, + wlu, =-2D,Du, —2uD,u, —au? (6.6.4)
The solution of Eq. (6.6.3) can be written as
U, = A(T,)exp(iw,T, ) + Aexp(iQT, ) +cc (6.6.5)
Where A = _

2((05 - Qz)

It may be noted that unlike the previous lecture, where only the complementary part of the solution was

present, in this case both complimentary and particular integral parts are present in the solution of u,.

Now substituting Eq. (6.6.5) in Eq. (6.6.4) one obtains the following equation.
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D3u, + @lu, = | 2iey (A + uA) + 6 AN” + 3a A°A |exp(ie,T, )

Secular term
Alexp(3io,Ty)+  A’exp(3iQT,)  +3A’Aexp|i(2m, +Q)T, |
o Mixed Secular term 1
+3A2Aexp[1(Q - 20,)T, ]+ 3AA2exp[ (@, + 20)T, ]+ 3AAexp[i (@, — 20)T, ][ (©00)
Mixed Secular term 2 Mixed Secular term 3
—A[ZiﬂQ +3aA® + 6aAﬂ] exp(iQT,)+cc

Mixed Secular term 4

It may be noted from Eqg. (6.6.6) that when the exponent terms of the marked mixed secular terms are
equal to @, a resonance condition will occur. Hence, resonance will be observed in the system when

Q=aw, (Primary resonance)
Q-2w, = v, = Q= 3w, (Sub harmonic resonance)

N =w,=>0= %a)o (Super harmonic resonance)

w,—2Q=w,= Q=0

. ) 1
For the non resonant case, i.e., when the external frequency is away from 0, @, ga)oor 3w, , from Eq.

(6.6.6) eliminating the secular terms yield the following equation.

: ' 2 2N
2ic, (A + pA)+6aA’ A+3a A°A=0 6.6.7)

Now using A= %aexp(iﬂ) in EqQ.(6.6.7) and separating the real and imaginary parts following reduced

equations are obtained.

D,a = —pa = a=ay exp(—ul,) = a,exp(—sut) (6.6.8)

and @,aD, :30{1\2 +%a2ja = f :30{A2 +%a2]Tl + B3, :380{(/\2 +%a2jt +p8,  (6.6.9)
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u=acos(o,t + )+ cosQt +0(¢)

_f
Cay

= a, exp(—&ut) cos[(a)o +3ea (Az + %aznt + ﬂoj + (a)Zj—Qz)coth +0(¢)

0

(6.6.10)

The free oscillation solution decays with time and hence the steady state response consists of forced
solution only similar to the linear case.

. 1
Superharmonic Resonance (Q~= ga)o)

To express the nearness of the external excitation frequency to one third of the natural frequency one
may use the detuning parameter (o ) as follows.

30 =w,+é0 (6.6.11)

Now to include the mixed secular (or nearly secular or small divisor) term lin Eq. (6.6.6) in this
resonance condition one may write

3QT, = (@, +£0)Ty =T, +e0Ty = Ty + 0T, (6.6.12)

Now to eliminate the secular and near secular terms from Eq. (6.6.6) one can write
; ' 2 2N 3 ; _
2ic, (A + pA)+6aA’ A+3a A A+ah’exp(ioT,) =0 (6.6.13)

Using A= %aexp(iﬂ) in Eqg.(6.6.13) and separating the real and imaginary parts following reduced

equations are obtained.

2= ua al®
Wy

sin(oT, - B) (6.6.14)

. Baf ., 1 2] al’®
af =—| A°+=a° |a+ cos(oT, —
P wo( 2 e SRS (6.6.15)

Now to express the above equations in their autonomous form one may use the following
transformation.

y=ol-p (6.6.16)

Hence, Eq. (6.6.14-15) can be written as
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3

a'=—pua- @ siny
@o (6.6.17)
: ( 3aA2j 3a 5 aA’®
ay =|o— a- a’— cosy
@, 8w, @,

(6.6.18)

By solving the above two equations, one can obtain a and y, and then can write the solution of the
system as

U=u,=acos(3Qt—y)+ cosQt+0(¢)

(6.6.19)

_
(@5 )
For steady state as the time derivative terms vanish, Eq. (6.6.17) and (6.6.18) can be written as

3

—pa= B sin y
“o (6.6.20)
( aAz] 3a 5 al’
o-3 a-— a’ = cosy
@ ) 8o, o (6.6.21)

Now eliminating 7 from the above two equations, one can obtain a closed form equation which can be

used for finding the frequency response of the system.

2 2 246
fost o2
®, 8w, @,

Solving Eq. (6.6.22) one may write the relation between the detuning parameter and amplitude of the
response as follows.

2 2,6 12
al\ +3_aa2i(aA ZJ

oo T H
w, 8w, wia’

(6.6.22)

o=3
(6.6.23)

Hence, in this resonance condition, the free oscillation term does not decay to zero inspite of the
presence of damping. Moreover, the nonlinearity adjusts the frequency of the free oscillation term to
exactly three times the frequency of the excitations so that the response is periodic. Since the frequency
of the free oscillation term is 3 times the frequency of excitation, such resonances are called super
harmonic resonances or overtones.

From Eqg. (6.6.20) the peak amplitude of the free oscillation term is given by
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3
a, = N 6.6.24)
Haw,

Op

2 224
_3aA (1+80;j; Zj (6.6.25)

Wy o

Subharmonic Resonance =3,

When the external frequency is nearly 3 times the natural frequency of the system, using detuning

parameter one can write

or, (Q-2a,)T, = wpT, + 0T, (6.6.27)

Using a similar procedure of method of multiple scales, to eliminate the secular terms from Eq. (6.6.6)
one can write

2ic, (A + uA)+6aA’ A+3a A’ A+ahA’ exp(ioT,) =0. (6.6.28)

Using A= %aexp(iﬂ) in Eq.(6.6.13) and separating the real and imaginary parts following reduced
equations are obtained.
3aA

a’sin(oT, -3p)
@, (6.6.29)

a'=—pa-—

af = 3_0:(/\2 +1a2ja+30{—Aa2 cos(oT, -3p)
o, 8 4o, (6.6.30)

Now to express the above equations in their autonomous form one may use the following
transformation.

y=0T,-3f (6.6.31)

. 3aA , .
a'=—ua- a“siny
@o (6.6.32)
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: ( 90{A2J 9 , 9aA ,
ay =| o— a——a’——"—a’cosy
o} 8w, 8wy (6.6.33)

u= acos[%(Qt—y)}L f (a;oz _QZ)*l cosQt+0(e)

(6.6.34)

For steady state one can write

A, .
—pa= a‘siny

@, (6.6.35)
( 9aA2J 9a¢ ; 9aA ,
o— a- a’ = a“cosy

o) 8w, 4o, (6.6.36)

Now eliminating ¥ from the above two equations, one can obtain a closed form equation which can be

used for finding the frequency response of the system.

2 2 242
9u® + O__9aA —g—OCa2 a2=810”2\ a’
o, 8w, 16w,

(6.6.37)

This shows either the system will have a trivial state response (i.e., a=q) and a non trivial response
which can be obtained by solving the following equation.

2 2 242
lgﬂz{agm _9_aa2j ]_8laA 22

, 8w, 16?
¢ ° ° (6.6.38)
This equation is quadratic in a®and hence the solution can be written as
2 _ n4(n?_ 12
a’ = px(p*-q) (6.6.39)
Where p = Beno _ BA*
9a (6.6.40)
2 2\?
and =64—a)2 91 + S
8la w,
(6.6.41)
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As q is always positive, so the nontrivial free oscillation amplitudes occur when p >0 and p® > q. For
these conditions one should have

A? and

4do,c alh? 63aA’
< c-
27 @,

j—Z,uzZO

Ba, (6.6.42)

So oand « should have same sign. From Eq. (6.6.42), for a given A nontrivial solutions can exist only
if

2 22
o> Ziza)o +63;;)A
0 (6.6.43)

Similarly for a given ¢, nontrivial solution can exist only if

2 1/2 63 A2 2 1/2
E—[G—2—63] < 2% 33{“—2—63]
uo\ u daoppu pu \ p

(6.6.44)

In the AT plane the boundary of the region where nontrivial solutions can exist can be given by

2 2 1/2
03an =£i[0—2—63J (6.6.45)
dapp p \p

Exercise Problems

1. Study the response of the single degree of freedom system with both quadratic and cubic
nonlinearities. Consider primary, subharmonic and superharmonic resonance conditions. Use either
method of multiple scales or the method of normal forms.

References:

1. A. H. Nayfeh and D. T. Mook: Nonlinear Oscillations, Wiley, 1979
2. A. H. Nayfeh, Method of Normal Forms, Wiley,1993

Exercise problems

1. 1. Using numerical techniques plot the time response of the system given by Eq. (6.6.1) with
primary, subharmonic and superharmonic resonance. Compare the results with those obtained
from the perturbation method.

2. Study different resonance conditions for the Duffing equation with two frequency excitation
terms as given by the following equation.
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U+ iU+ 2610 + sau® = f,cos(Qt +6,)+ f, cos(Q,t +6,)

Ans: One may observe following resonance conditions

a)oz3Qn,a)0z%Qn,,a)oz1+|iZQmiQn|a)0z%(QmiQn)
w, =3Q, or 3Q,, w, z%Qlor @, z%QZ
w, ~Q, +2Q, or ZQl—QZ,a)OzZQZiQPa)Oz%(QZin)

Q, =90, = 3w,,Q2, ~Q, ~ 3w,
Q, = z%a)o,Qz ~ 5C) zga)

7 2
Q, = 7Q, zga)o,Qz ~ 2Q), zga)o

Q, z%Ql ~ 1w,,Q, z%Ql ~ 5w,

Q No. 3 Plot the frequency response curves for the system with sub harmonic and super harmonic
resonance condition using equation 6.6.25 and 6.6.45.

Module 6 Lecture 7
Forced vibration Single-Degree of freedom system
In this lecture briefly following analysis will be carried out
e Forced vibration of Single-Degree of freedom system with cubic and quadratic nonlinearies

e System with self sustained oscillation

System with cubic and quadratic nonlinearies

In this case considering damping, cubic nonlinearity and the forcing parameters to be one order less than
guadratic nonlinearity which is one order less than the linear term, the equation of motion can be written as

U+ iU +2&° i + ga,u? + g2au’° = £° f cos Ot 6.7.1)

Following similar procedure as in the previous two lectures one may study the primary, super harmonic
and sub harmonic resonance conditions.
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In case of primary resonance, taking Q = @, + £°c and
u(t, &) = U (T, T T, )+ euy (To, T, T, ) + €20, (T, T T,) (6.7.2)

and applying the usual procedure of method of multiple scales, one can obtain the following reduced equations
(Nayfeh and Mook, 1979).

fo.
a'=—pa———-sin
HA—S /4

“o (6.7.3)
' 2 _1 2
ay _ ag - 2%% 30% a’+ f cos y
24w, 2w, (6.7.4)

Comparing these two equations with those obtained from Duffing equation with only cubic
nonlinearities for primary resonance (Eg. 6.5.11 and 12), one may observe that both sets of equations

are identical if

100!
a=a,— (6.7.5)
Yo}
O . . : . . :
When a,=0= a=-——which is negative, the system will show softening effect. Also if
a)O
0} . : N
a, < 9—2,a < 0 one obtains softening effect in which the frequency response curves bends towards the
Wy

lower frequencies irrespective of the sign of «, .

2
a

When a, = —22, a =0, the system behaviour will be similar to that of a linear system. Here the effect of
0

cubic nonlinearities will be cancelled by that of the quadratic nonlinearity. Similar to the expression in the cubic
nonlinear system here the following equation can be used to find the frequency response.

2 2
,uz+ a—EiaZ a’= f (6.7.8)
w, A

The expression for the response can be given by

u=acos(Qt —y)—%g%az +%g%a2 cos (20t +2y)+0(&?) (6.7.9)
0 0
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Comparing this expression with that of the system with only cubic nonlinearity, it can be observed that the
oscillating motion is not centered at U = 0 and there is a drift or shift of the steady state part by an amount of

l «a
_Zelry?,
2

Superharmonic resonance

This resonance condition may occur when one consider, the forcing term is same order that of the linear part.
Also considering the damping and quadratic nonlinearity of the order of & and cubic nonlinearity of the order

of £?one may write the equation of motion as (Nayfeh and Mook, 1979)
" 2 : 2, .2 3 _
U+ au+26ul +sa,u” +e°au” = f cosQt (6.7.10)

Applying method of multiple scales while eliminating the secular term, one may observe that a
resonance condition will occur when 2Q = @, + £o . In this case the steady state solution can be written as

2
a,f

f
u ZﬁCOS(Qt)— \U2

@y —Q 4(00(605—92)2(/,{2—0' )

y=tan™! (gj
7

Subharmonic resonance

sin(2Qt-y)+0(&?) (6.7.11)

For the system given by equation (6.7.10), subharmonic resonance will occur when external frequency is nearly

equalto Q=2am, + &0 . In this case one may obtain the expression for the frequency of resulting oscillation as

azzAz O'Z 1/2
A=-ut -] 67.12)
0

242
2
2 7
@y

Hence if o° >4

the motion is oscillatory and decays with time

242
o, A

2
@,

242
a
>c?> 4(4 2 —yZ) , the response decays without oscillating

If 4

2
29

2

242
If 4(4 —,uZJ > o?, the system becomes unstable as the response grows
Wy

Systems with self-sustained oscillations

Let us consider the van der Pol’s oscillator with soft harmonic excitation which is given by the
following equation.
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U+w§u—g(u—%u3j:gf cosQt (6.7.13)

Let us consider the primary resonance case in which the external frequency is assumed to be near the
linear system frequency @, . So using detuning parameter one may write

Q=wt+eco (6.7.14)
Now to solve Eq. (6.7.14), taking

u(t, &) = Uy (T, Ty)+euy (T, T,) +0(g2) (6.7.15)

one will obtain the following reduced equations

1 1 fo.
a'==|1-= 2azjajt—sm
( 4% 20,

2 @, (6.7.16)
ay = aa+Lcos;/
“o (6.7.17)
The steady state solution can be given by
u=acos(Qt—y)+0(¢) (6.7.18)

For steady state taking a'=;/' =0 and eliminating y form the equations (6.7.16-17) one can obtain

2

,0(1_,02)+4az,o=fT (6.7.19)

Where p = %a)jaz (6.7.20)

Figure 6.7.1 shows the frequency response obtained using equation 6.7.20 for different values of forcing

parameter.
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Response of the vander pol oscillator for primary resonance
1.6 T T T T T T T T T

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

Fig. 6.7.1: Frequency response curves for primary resonance for van der Pol’s oscillator

Exercise Problems:

1. Using numerical techniques plot the time response of the system given by Eq. (6.7.1) with primary,
subharmonic and superharmonic resonance. Compare the results with those obtained from the
perturbation method.

2. Find the frequency response curves for van der Pol’s oscillator considering strong forcing term.
Study the subharmonic and superharmonic resonance conditions.

3. Find the expressions for frequency response curves for a single degree of freedom system for
different resonance conditions when subjected to 2 and 3 frequency excitations.
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Module 6 Lecture 8
Free and Forced vibration of Multi-Degree of freedom system

In this lecture briefly we will discuss about the free vibration of multi-degree of freedom nonlinear
systems. Initially the system with quadratic nonlinearity and then the system with cubic nonlinearity
will be considered.

Free vibration of the system with quadratic nonlinearities

Let us consider a two degree of freedom system where the equation of motion can be given by
U, + U, + 24U, —oquu, =0 (6.8.1)
U, + w2u, + 2,0, —a,u’ =0 (6.8.2)

To use method of multiple scales one may assume the solution of these equations using different time
scales T,,T, (T, =&"t) as follows.

Uy = ey, (Ty, T,) + €°U, (T, T,) + .. (6.8.3)

Uy = Uy (Ty, T) + 67U, (T, T) +... (6.8.4)

Substituting Eq. (6.8.3) and (6.8.4) in Eq. (6.8.1) and (6.8.2) and separating the terms with different
order of &one obtains

Order of ¢

2 2
Dyuy, + U, =0
(6.8.5)

2 2
Dyuy, +@,U, =0

(6.8.6)

Order of &?

DZuy, + @/uy, + 2Dy (DU, + Uy, ) + U, Uy, (6.8.7)
DZU,, + @2,y + 2Dy (DyUy, + .Uy, ) + U7, (6.8.8)

Joint initiative of IITs and 11Sc — Funded by MHRD Page 47 of 104



NPTEL — Mechanical Engineering — Nonlinear Vibration

The solution of Eq. (6.8.5) and (6.8.6) can be given by

U, = A(T)exp(imT,) +cc (6.8.9)
Uy, = A (T,) exp (iw,Ty) +cc (6.8.10)
Substituting Eqg. (6.8.9) and (6.8.10) in Eq. (6.8.7) and (6.8.8) yields

Diuy, + ofuy, = —20,(D,A + 1 A) exp (ioT,) + a, { AA, exp[i(w, + w,)T, ]} +cc (6.8.11)
Secular term

Doy, +@5Uy, =2, (DA, + 11, A) exp (i,T,) + az, [Aiz exp(2icT,) + Aiz‘i] +cc (6.8.12)
Secular Term

To eliminate the secular term from Eq. (6.8.11) and Eq. (6.8.12) one can write
DA+muA=0 and DA, +u,A =0 (6.8.13)

Solving Eq. (6.8.13) one can write

A=a exp(_/ﬁTl) and A, =3, exp(—szl)
(6.8.14)

Substituting Eqg. (6.8.14) in (6.8.3) and (6.8.4), the first order solution of the system can be given by
u, = cexp(—gu4t)| a, exp(imt) +cc]+0(?) (6.8.15)
u, = eexp(-gu,t)| a, exp(imt)+cc |+ 0(£?) (6.8.16)

Hence, for steady state as time tends to infinity, both the responseU; =U, =0,

Resonant case (System with internal resonance)

Considering internal resonance of 1:2, i.e., when the second frequency is nearly equal to twice the first
frequency one can write

@, =20, + &0 (6.8.17)
So, 20Ty = w,Ty - e0Ty = w, 1, — 0T, and (@, - @) T, =@T, + 0T, = o T, +0T, (6.8.18)

Following similar procedure of method of multiple scales to eliminate the secular terms one obtains the
following equations.
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~2iwy (A +mA )+ a A A exp(ioT,)=0 and 2w, (A, +1,A, )+ a, Al exp(-ioT,) =0 (6.8.19)

Now using A = %ai exp(i6,) and A, = %az exp(i6, ) and introducing 7 =6, — 26, + 0T, and separating

the real and imaginary parts the following reduced equations are obtained.

a = —a, +~—1aa,siny and a, =3, ——2-azsiny
4o, 4

W,
3,0, = _iaia2 cosyand a,0,= —&af cosy
4o, 4o,
2

2
o, a3 JCOSV

Or) a ':O-a. +
7 2 [2601 Ao,

For steady state using al = a'2 = 7/' =0, one may write

— 148 +ﬂaiazsiny =0
4o,

—Ha, _&312 siny =0
4w,

A 92— % g2 |cosy+oa, =0
20, 4o,

Eliminating » from Eq. (6.8.23) and (6.8.24) one obtains the following equations.

w,
2+,U2 b 1a22:0
Ko,

(6.8.20)

(6.8.21)

(6.8.22)

(6.8.23)

(6.8.24)

(6.8.25)

(6.8.26)

If o, and «, are of different sign, a, and a, can differ from zero, that is the system may have nontrivial

response. Hence, in the presence of internal resonance, even though there is no external forcing energy

will transfer from 1% mode to second mode and self sustained oscillation will continue.

Forced vibration Multi-Degree of freedom system with quadratic nonlinearities

Let us consider a two degree of freedom system with quadratic nonlinearies given by the following

equations.
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U, + @7U; + 26140, + aqUU, = g f cos(Qt +7,) (6.8.27)
U, + w;U, + 2801, +a,u; = &, cos(Qt +7,) (6.8.28)
Now to solve these equations let us use method of multiple scales by considering

U= euy, (T, T)) + 82U12 (ToT) +... and U, = eUy (Ty, T,) + 32u22 (ToT) +-.. (6.8.29)

Substituting Eq. (6.8.29) in Egs. (6.8.27-6.8.28) and equating coefficients of like power of & one
obtains

Diuy, + @fuy, = f,cos(QT, +7,) (6.8.30)
DZu,, +@wiu,, =0 (6.8.31)
Dg U, + a)lz Uy, = —2D4 (Dyuy, + 24Uy ) — oyl Uy, (6.8.32)
DZU,, + @2U,, = —2D, (DU, + .Uy, ) — U + T, COS(QT, +7,) (6.8.34)

Now, solution of Eq. (6.8.30) and Eq. (6.8.31) can be given by

U, = A(T)exp(imT,) + Aexp| i(QT, +7,) [ +cc (6.8.35)

Uy = Ay (T)) exp(iw,Ty) +cc

(6.8.36) Here, A = f,/2(w? —Q?) Now
substituting these two equations in Eq. (6.8.33) and (6.8.34) one can write

DUy, + iUy, =2, (A + i A) exp (ioT,) — o, A A expl i (@, + )T, |

secular term

—0!1[ AAexp[i(w,-o)T, | +AA, exp[i(Q+a)2)T0+i11]]

near secular in case of internal resonance @y =20

—a, AA exp|i(Q-w,)T, +ir, |-2iuQAexp|i(QT,+7,) |+cc (6.8.37)
AA, p[( 2)0 1] H p[( 0 1)]

near secular term if Q ~ @+, near secular term if Q = @,

And  DZu,, +wlu,, = —2m,(A, + 1,A,) exp (io,T,) —a, A’ exp(2iwT,)
Secular term

—a, (Aiﬂi +A?+2AAexp[i(w +Q)T, + irl])
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+ A2 exp[2i (QT, + rl)}J

W 2AAexp|i(Q—a)T, +ir, |
2
may be near secular term considering internal resonance

1 .
1 exp[i(QT, +7,) |+cc (6.8.38)

near secular term if Q~aw,

From Eg. (6.8.37) and (6.8.38) one may observe that one may get many resonance conditions such as
(@ Q=am, (b) Q= w,(c) Q= o, +o,. Also, some resonance condition occurs when one consider

internal resonance i.e. , = 2w,
Let us consider when the external frequency is nearly equal to the second mode frequency i.e.,
(6.8.39).

Q=w,+¢c0;
Hence, without considering internal resonance, to eliminate secular terms one can write

A+mA=0 (6.8.40)
: : 1 .
and 2im, (A, +,u2Az)=§ f,expli(oT, +7,)] (6.8.41)
Now solution of Eq. (6.8.40) can be written as
1 .
A =54 exp(—4T, +16;) (6.8.42)
Azzla exp(—s,T, +i6?)—if—2exp[i(aT +7,) ] (6.8.43)
2 2 2'1 2 4(02(qu+i0'l) 171 2 0.
For steady state as t tends to 0, one obtains
if .
=0, and A, =——2——exp|i(o T, +7 8.44
A =0 A, = iy L ) 84D
Hence one obtains,
(6.8.45)

u, =(Q)T1Qz)cos(m+fl)+o(52)
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= B in(Qt+r, - o] 6.8.46
u, 2ga)szsm( +7,-7,)+0(£%) ( )
where /

7, =tan™ (ﬂ] (6.8.47)
H

Now if one considers the system with internal resonance i.e., @, = 2w, or w, =2m, +¢o,, then to
eliminate secular term one can write

“2iey (A + A ) -, A A exp(io,T,) =0 (6.8.48)
2w, (A2 + ﬂzAz)—szAf exp(io,T,) +% f, exp[i (-oT, +7, ):| =0 (6.8.49)

Substituting A, =%an exp(i3,)where n =1, 2, in Egs. (6.8.48) and (6.8.49) one obtains

a =—ua, -2 aa,siny, (6.8.50)
4o,
: a, 5 . 1 ., .
a, =—M,a, +—=—a, siny, +§a)2 f,siny, (6.8.51)
2
. 0‘1
af :4_3'231 Cosy, (6.8.52)
@,
% 2 1
a,f, =—=a, Cosy, — f,cosy, (6.8.53)
4o, 20,
Where, y, =0T, -, +t,and y,=p, -2 —0o,T, (6.8.54)

For steady state response, a,,a,, B, /3, are zero and there are two possibilities. In the first case one will
obtain the linear solution similar to Eq. 6.8.44. In the second case

1/2

1/2
- z{_pl oG t-w ) } (6855
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/
a, =2m, [4,uf +(0, -0, )ZT 2 (6.8.56)
Here, P =200, [01 (0,—0,)+ 2,ulu2]

P, =2w0, [261/”1 —H (0-2 - 61)] (6.8.57)

Substituting these values in u,and u,one can obtain the response of the system. It may be noted that the
second mode amplitude a, is not a direct function of the external excitation. Using these equations one

may plot the frequency response curves and observe many resonance phenomena similar to those
observed in case of single degree of freedom system.

Exercise Problems:

1. Plot the frequency response curves using Eq. (6.8.55) and (6.8.56) taking o, =«, =-1. Observe
different nonlinear phenomena. Study the stability of the system.

2. Study the resonant and non resonant free vibration of two degree of freedom system with cubic
nonlinearities. The equation of motion of this system can be given by

.t 2 ~os 3 2 2 3
U, +ou, + 240, + ayU; + a,up U, + auuy +a,u, =0

" 2 ~ 3 2 2 3 _
U+aofu, + 24U, + Uy +a,U U, + o u Uy +a,u; =0
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Module 6 Lect 9

Parametrically excited system

In this lecture, the parametrically excited system will be considered and using Floquet theory the
conditions for instability regions will be determined. It may be noted that a simple parametrically
excited system can be represented by the following equation.

U+ p,(t)u+ p,(t)u=0 (6.9.1)

Where, the term p,(t) and p, (t) are periodic function of time. It may be noted that as these time varying

terms are coefficients of the response and its derivative, this equation is called the equation of a
parametrically excited system. One can have many variation of this equation by including different
nonlinear terms and forcing terms. One can consider a single or multi degree of freedom system also.
Eqg. (6.9.1) can also be written in the following form by substituting

u= xexp(—%f pl(t)dtj

in Eq. (6.9.1). The resulting equation can be written as
X+ pt)x=0 (6.9.2)

1, 1,
where p(t) = p, =7 P; = Py (6.9.3)

Equation (6.9.2) is called the Hill’s equation who studied this system in 1886 (Nayfeh and Mook 1979).

Now by substituting p(t) = +2&cos2t in Eq. (6.9.2) one can write

X+ (0+2¢cos2t)x=0 (6.9.4)

This equation is known as Mathieu’s equation. It may be noted that the basics of parametrically excited
systems are based on Mathieu-Hill types of equation. As pointed out in module 4, one may use Floguet
theory to study the stability of these systems.
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Example 6.9.1: Study the stability of the Hill’s equation given in Eq. (6.9.2) by taking the following
initial condition.

u,(0)=1, u,(0)=0, u,(0)=0, u,(0)=1 (6.9.5)
Solution

Writing the fundamental sets of solution as

u(t+T)=a,u,(t)+au,()

(6.9.6)
uZ (t +T) = a21u1 (t) + a22u2 (t)
lfl(t+T) = auU'l(t)JrauU'z (t) 69
uz (t +T) = aZlul (t) + a22u2 (t)
one can obtain
all =u1(T)’ a21 =u2(T)1 a12 =u1(T), a22 =u2(T) (698)
or A{ul(T) ‘,Wq (6.9.9)
u,(T) u,(T)
Finding the determinant of A— Al matrix one may write
A2 —2aA+A=0 (6.9.10)
where
a =3[u,(T)+U,(T)], A =u,(T)u,(T) - u,(T)u,(T) (6.9.11)

The parameter A is known as the Wronskian determinant of U,(T) and u,(T).
In case of Hill’'s equation the Wronskian determinant can also be obtained as follows.

As, U, (t)and U, (t) are the fundamental set of solution, hence they must satisfy Eq. (6.9.2). Hence, one can

write

U+ p(tu, =0

" (6.9.12)

U, + p(t)u, =0

or, u,U, —tu, =0 (6.9.13)
Which can be integrated to obtain, A(t) = u, (t)u,(t) —u, (t)u, (t) =constant (6.9.14)
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At t=0, A(t) =1. So the roots of the Eq. (6.9.10) can be given by

A, =atNa® -1 (6.9.15)

or, 4,4, =1 (6.9.16)

From Eq.(6.9.15) it may be noted that|| >1 one of the root will be greater than unity while the other root is
less than one. Hence one of the normal solutions is unbounded and the other is bounded. When || <1 both

the roots will be complex conjugate and their absolute value will be less than one. Hence they will be in the
unit circle. So the solutions will be bounded. It may be observed that the transistion from stable to unstable will

takes place when |a| =1. This corresponds to a periodic solution of period T when 4, =4, =1 and a periodic

solution of period 2T when A, =4, =-1.

Example 6.9.2: Study the stability of the Mathieu’s equation using same initial condition given in
example 6.9.1.

Solution: In case of Mathieu equation

X+(0+2&cos2t)x=0 (6.9.17)

a is a function of O and &. The values of J and ¢ for which || >1 are called unstable values while those for
which |a'| =1 are called transition values. The locus of transition values separates the ¢ 0 plane into regions of

stability and instability as shown in the fallowing figure.

2 /
Unstable
1.5
w 1 /
Stable Stable
0.5
0
1.9 2 2.1 2.2 2.3 2.4 2.5

[a)
Fig 6.9.1 Transition curve for Matheiu equation

Hill’s Infinite Determinat
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One may also use hill’s infinite determinant method to find the transition curve which is explained
below.

i+(8+2ecos2t)u=0 (6.9.18)

Using Floquet theory one may assume the solution of the equation (6.9.18) as
u=exp(yt)o(t) (6.9.19)

Where d)(t) = (I)(t +T ) . One may expand ¢(t) in a Fourier series to obtain the following equation.

u=> ¢, exp[ (y+2in)t] (6.9.20)

n

Where (I)n is constant. Substituting Eq. (6.9.20) in (6.9.18) one obtains

©

n_z;o{[(er 2in)’ +8} ¢, exp| (y+ 2in)t]}+ e n_zw:‘cd)” {exp [yt+2i(n+1)t |+exp[yt+2i(n —1)t]} =0
(6.9.21)

Equating each of the coefficients of the exponential functions to the zero one can obtain the following infinite

set of linear, algebraic, homogenous equations for (I)n

[(v+2in)" +58 |9, +2(6,, +,.) =0 (6.9.22)
For a non trivial solution the determinant of the coefficient matrix must vanish. Since the determinant is infinite

one may divide the m™ row by & —4m?’ for convergence considerations to obtain the following Hill’s
determinant.
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S+(y—4i)
R — § 2) 0 0 0 0 0 0
5-4  o5-4 2
5+(y-2i
0 o0 e Sr(r-2) e 0 0 o0
5-22  8-2 -2,
AV=lo o 0 LI A 0 0 0
5 5 B 2
d+(y—2i

0 0 0 0 R Vi) 0 0

5-2 5-20  ©5-2°

S+ (y—4i
0 0 0 0 0 & v 2) 0
5-4  5-4 5-4
(6.9.23)

The determinant can be rewritten as (Whittaker and Watson 1962, Nayfeh and Mook 1979)

sin? (; i m/j
—= 7 (6.9.24)

Siﬂz(;ﬂ'\/gj

Since the characteristic exponents are solution of A(y) =0, they are given by

1
y= + 2 gips {A(O)Sin ZGM/EHZ (6.9.25)

T

Once vy is known ¢, can be related to ¢, using equation (6.9.22).

One may also consider the central three rows and columns to approximate the characteristic equation as
follows
-\2
8+(y—2i) € 0

A(y)= € §+7° € =0
0 e S+(y+2i)

Or [8+(y+2) |(8+7")| 8+ (y-2i) |- | 5+ (y+2i) |-&*| 5+(y-2i) |=0 (69.26)

The transition curve separating stability from instability correspond to y =0 (i.e., periodic solution with period ©
) or y =i (i.e., periodic motion with period 2 1t).
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When y=0 Eq. (6.9.26) gives the transition curves
8=—%82 and 8=4+%z—:2 (6.9.27)

When y =+i Eq. (6.9.26) gives the transition curves

d=1+¢ and 6:9+%82 (6.9.28)

Exercise problem

Problem 6.9.1: Use Floquet theory to study the stability of the periodic motion corresponding to
primary resonance of Duffing equation.

Problem 6.9.2: Use Method of Multiple Scales to determine the equations for transition curves for
Matheiu equation. Plot these transition curves near &=w’=1, 4. Taking few points in the stable and
unstable regions and by using numerical method to solve the Mathieu’s equation, plot the time
responses to check whether the marked instability regions are correct.

Module 6 Lect 10

Multi-degree-of freedom parametrically excited system
Case study: Instability Region of a Sandwich beam

In this lecture a case study has been taken by considering a three-layered, soft-cored, symmetric
sandwich beam subjected to a periodic axial load. For completeness purpose the derivation of the
governing equation of motion is given here and then the parametric instability regions for simple and
combination resonances are investigated for simply supported and clamped-free end conditions by

modified Hsu’s method.
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—> — d,
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Figure 6.10.1 Symmetric three-layered soft cored sandwich beam with periodic axial load

Figure 6.10.1 shows a simply supported, symmetric, three-layered sandwich beam of length L and
width b with a flexible soft core. The top, core and bottom layer thickness are d,, ¢ and d,,
respectively. The upper and lower layers (face layer) of the beam are of the same elastic material and
the core is of soft viscoelastic material. The sandwich beam is subjected to an axial periodic load

P(t): P, + P,cosmt, @ being the frequency of the applied load, t being the time and P, and P, are

the amplitudes of static and dynamic load, respectively.

Figure 6.10.2 shows the geometry of the sandwich beam, the load and internal forces and moments in

different layers and the deflection in x and z directions before and after deformations. Here, Q,, is the
shear force, N,, is the axial force and M, is the bending moment. Superscripts t and b represent the

top and bottom layer, respectively. The assumptions made for deriving the governing equations are
similar to that by Frostig [1-4] and are (i) the face sheets of the sandwich beam are modeled as Euler-
Bernoulli beams (ii) the transversely flexible core layer is considered as a two dimensional elastic
medium with small deformations where its height may change under loading, and its cross section does
not remain planar. The longitudinal (in-plane) stresses in the core are neglected and (iii) the interface
layers between the face sheets and the core are assumed to be infinitely rigid and provide perfect
continuity of the deformations at the interfaces.
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Upper Skin i (a)
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Figure 6.10@'((51?)r gégmetry, (b) load, internal forces and moments (c) displacement pattern through depth of

section. N.A is the neutral axis.

The internal potential energy (U ) in terms of direct stresses (o) and shear stress 7 and strains (g, y ) is given by,

U= J' 0,.&,dv+ J. o, &, dv+ I Ty dv+ I o,¢,adv, (6.10.1)
Viop Vot Veore Veore
where, Vy,, , Vo » @nd Vg, are the volume of the top, bottom and core layer, respectively. One may note that, as

the core is taken to be flexible, deformation takes place in the transverse direction (z direction) and the last term

of equation (1) takes care of that effect. The kinetic energy T can be given by
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L L
T:(1/2){Jmt(uf+Wf)dx+jmb(u§+v'v§)dx+ [ puZdv+ | pcv‘vfdv}. (6.10.2)

0 0 Veore Veore
Here m, and m, are the mass per unit length of the top and bottom layer, respectively and p_ is the density of
the core material; U, and u, are the displacement at the neutral axis of the top and bottom layer along x
(longitudinal) direction, respectively; W, and w, are the displacement at top and bottom layer along z (vertical)

direction, respectively (Fig. 6.10.2(c)). Also, u, and W, are the displacement of the core along x and z
directions, respectively and can be given by [1]
{uy +(dy /2w, —(u, —(d, /2w, )} 2 (W, —w

u, =u —(d /2w, + W =W, + ()2 (6.10.3)
’ c c

Here ()x represents the differentiation with respect to x and subscripts t , b, ¢ represent top, bottom and core

layer, respectively.

The non-conservative work done due to the applied load can be given by
L L

W, = (1/2)“ Pw;, dx + J. wazyxde : (6.10.4)
0 0

The following non-dimensional parameters are used in this analysis.
R =RL/(2E,l,). R =RL/(2E]l,).& =G AL’ E ¢ =EAL’/E. 4 =E,AL’JE, ¢ =E ALJE,
g=GC/(Et(c/dt)(L/dt)Z+Eb(c/db)(L/db)z),t_=t/t0,Y:XIL, u,=u,/L, W, =w, /L,

m,=m,/m,m . =m./m. (6.10.5)

Here, I30 and I5l are, respectively, the non-dimensional static and dynamic load amplitudes; Eq, Iq and Aq are

the Young’s modulus, moment of inertia and the area of cross-section of the gth layer (q equal to t for top layer

and b for bottom layer); E=E|I +E|l,; E,, A and m, are the Young’s modulus, area of cross-section and

(1/2)

mass per unit length of the core, respectively. The non-dimensional time, t, = (mL*/ E)"?  where mis the total

mass per unit length. The complex shear modulus of the viscoelastic core is given by G: =G, (1+ jn,.), where
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G, is the phase shear modulus, j=+/—1 and 7, is the core loss factor. The non-dimensional term g is known

as the shear parameter of the system.

Using equations (6.10.1-6.10.5), the governing non-dimensional equations of motion and the boundary
conditions are derived by applying the extended Hamilton’s principle. These resulting governing equations of

motion are as follows.

(M, +m, /3)W, — (M, /12)(d, / c)*(c/ L)’ W, + (M, /576)(d, / )L+ (d, / )}/ L) (&, / 4, )W,
+(M, / 24)(d, /€)(d, / c)(C/ L)* W,  + (M, /576)(d, / )L+ (d, / )HC/ L) (£, ] )Wy g
+(mM, / 6)W, + (M, /6)(d, / c)(c/ L)G, , — (1/ 48)(m, + M,/ 6){L+(d, /c)}(c/ L)* (&, / 4,)0;
+(M, /12)(d, /c)(c/ L),  + (1/ 48)(, + M, / 6)§L+(d, / )}c/ L)* (&, 6,)U, v
—4,(L1C)* W, — (&, 1 AL+ (d, [ ) W, o — . (L1 C)* W, — (&, / A){L+ (d, / )L+ (d, / C)}W, 5
+(& 1 2) (LT L+ (d /)3 5 + (& 1 )0+ (A /)M 1 4B)(C/ L)Wy e
—(&,12)(LIc)fL+(d, /C)}T, . — (& 4, )§L+(d, [ )}, / 48)(C/ L) Uy e

+(, 112)(d, 1 €)* (C/ L)* W 15 + (PL*/ E)W, ;5 =0

3 XXXX

(6.10.6)

 XXXX XX

(M, / 6)W, + (M, / 24)(d, / c)(d, / c)(c/ L)2W, 5 + (M, /576)(d, / )L+ (d, / )}/ L) (£ / )W,
(T, + M, /)W, — (M, /12)(d, /¢)2(C/ L)Wy 5 + (M, /576)(d, / ){L+ (dy / )HC/ L) (. 1 6,)Wy e
—(m, 112)(d, / c)(c/ LG, , — (L 48)(W, + i, / 6){L+ (dy /CYHC/ LY (&, )ik g — (M, /6)(d, / C)(C/ L)
(L1 48)(iT, + M, / )L+ (d, /YIS L)*(E 1 ,)G, o+ (L1 C)2W, — (&, 1 4){L+(d, / ) ML+ (d, / )},
—, (LIC)*W, — (&, 1 4){L+(dy [ )F W, o + (£ 1 2)(LI c){L+(dy / )}, ,

(&, 1 Y1+ (dy )M, 1 48)(CT L)*T, iy — (&, 1 2)(LI )L+ (dl, / €Y},

~(& 140+ (dy 1), 1 48)(CT L) Uy s + (¢ /12)(dy 1 €)* (€ L)* Wy s + (PL E)W, 5 =0

XXXX

(6.10.7)

XX

(M, /6)(d, /c)(c/ L)W, — (M, /288)(d, / c)(C/ L)*(&, / §,) W,

—(m, 112)(d, / c)(c/ L)W, , — (i, / 288)(d, / c)(c/ L) (£, / §,)W, 1

(L1 24)(W, + W, /6)(C/ L)2(E, / )i — (M, +m, /3)i

(L1 24)(, + W, /6)(c/ L) (&, 1 8,)i, o — (M, /68, + (&, / 21+ (d, / )HL/C)W,,
HE 12T WL+ (dy I, + AT, —(LICY ET, —(E, ] )¢ 1 24)(C/ L) Ty e

+(L1¢)* &0, + (&5, 4:)(4, 1 28)(C/ L) Uy =0

(6.10.8)
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(M, /12)(d, /c)(c/ L)W, , + (M, /288)(d, / c)(C/ L)* (&, / 6,)W, 1

(M, /6)(d, /C)(C/ L), , + (M, / 288)(dy /C)(C/ L) (E, / )i, e

(M, /6)ii, — (1/ 24)(W, + M, /6)(c/ L)’ (&, / 8,){i, , — (M, +m, /3)i;

(L1 24)(m, + M, 16)(c/ L) (&, 1 4,)li, o — (£, 1 2){1+(d, / )L/ C)W,
—(& 1 2) (LI )L+ (d, / )W, , +(L/C)*ET, + (& / 4.)(4, 1 24)(C/ L)*T, g
AT, o — (LIC)2ET, — (£, 6.)(dh, | 28)(C/ L) e =0

(6.10.9)

As the above equations of motion (6.10.6-6.10.9) are in space and time co-ordinates, generalized
Galerkin’s principle is used to reduce these equations to their temporal form. For multi-mode

discretization one may take

EANCTACEETED W XCTILRCES JETOMORY:

ple q=N+1 r=2N+1 (6.10.10)
6= ) 1.

s=3N+1

Here, N is a positive integer representing the number of modes taken in the analysis, and fp (t_) f, (f)

, f,(f) and f,(f) are the generalized co-ordinates and W, (X), w,(X), u,(X) and u,(X) are the shape

functions chosen to satisfy as many as the boundary conditions. The resulting equation of motion
becomes

[M]{F}+[K]{f}-Rcosat [H]{f} (6.10.11)

Il
——
aSS
—

Here, ()= d( )/df, {f}:{{fp}T{fq}T{f,}T{fS}T}T, and [K]=[K,]-B,[H],

where
Myu] [My,] [My] [My] [Ku] [Ke] [Ke] [Ki]
] [My] [Mg] [My] [My] IK,]- [Ka] [Ka] [Ka] [Ka]
[Ma] [Ms] [Ma] [My]|"H " |[Ka] [Ke] [Ka] [Ka]
[My] [Mg] [My] [My] [Ka] [Ki] [Ki] [Kaii]
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AL

_| 17 Ha] 9] |¢ an are null matrices.

M= o tol (o) | e et
6] [4] [4] [4]

The elements of the various sub matrices are given below.

(Myy), = (M, +m,/3) [Iwwdx]+{( m, /12)(d, /L) }wadx]

0

+{(mc/576)(dt/c)(l+ dt/c)(c/L) (§c/¢c)}Uw{w;’dy)

(My), =(m,/6) wa dxj ~{(m./24)(q, db/lz)}@v\,;wgdy]
{576 ) ) o1 (&) b

(M), = (M + 0, /6) (148) 1+, /o) 6/L) (& >}@w:u;d7}+{(mc/6><dt/L>}[j w:u,-dx]

(M.,

-{@/48)(m, +m,/6) 1+, /c)(L) (&./4, }ijw dx]+ {(m, 112)( )}[iw;ujdf]
(M,,). =(m,/6) wa dx] m, /24)(d db/L2 @ww dx]

{570, )L . ) e

(Mzz)ij:(rﬁb+rﬁc/3)[jwiwjd7j+{( /12)(c/L) }(wadx]

0

+{(m./576)(d, o)1+, o) (/L)' (£ /4 )}UW"WWJ

(M), ={@/48)(m, +m./6)(L+d, /c) (/L) (£./4, }(jw”u dxj {(mJlZ)(c/L)}[j[wi’ude]
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(M.0), @48 (m, +mc/6><1+db/c)(c/Lf<§c/¢c>}ﬁvv;u;d7]—<mc/6>(db/L>[iw;ujdﬂ

(M),

{(m. /288)(d t/c><c/L>3(sc/qﬁc>}@u:w;dfj+{<mc/6><dt/L)}@u:wjdﬂ

(M),

{(m./12)(d, /L) [Juwdx} {(m. /288)(d, /c) (/L)' (&./4, }[iuwgdfj

(M), =~ {20 s 060 (&) o - ) o

{(—rﬁc/G)}“uiude +{(1/24)(mb+mc/6)(c/L) (&./9. }(Iu{u}di}

(M34)ij

(MM).J.

—{(m,/12)(d,/L) [Jl.ui’w.dYJ+{(mc /288)(d, /c)(c/L)’ (&, /¢C)}@u{wgd7}

(M),

{(m/6)(e, /L) [IUde}{( c/288>(db/c)<c/t>3(z:c/¢c)}@u;wjdx}

(M), ={(-m,/6)} uuiujdx}{a/m)(mt+mc/e)(c/L)Z(gc/@)}ﬁu;u;dﬂ

(My), =—{(m, +m./3)} Uuiu.dx] (24 (m,+m./6)(c/ L)' (./a }[j.u.'u'.dYJ

(Ki), = {(¥4) @+ /e) }(J‘wwdx}+ (1/12)(d, /L)’ @w&molx}r (L/c) wade
|

s
~{we) L) e | o

(Ky), = { é. (L/c) }(IWWdXJ+{(]/4 )(1+d,/c)(1+d,/c)é&,

(Ke)y =~ {W2)(L7c) (1 d )& (qudx] {<J/48><c/L>3<1+dt/c><§c/¢c>¢t}@wm;'df]

(Ky), ={(1/2)(L/c)(1+d, Jc)é, Uwu dx]+{]/48 )(c/L) (1+d,/c)(£./4,) %}Uw{ﬁ}'di]

(Ky), = {(L/c }wadx]+{(1/4)(1+dt/c)(1+db/c wade
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(k) = e | fow |+ (5210, )| T 0|
(k) = (V2w ) ) Tt - {1 e e | o
e R LN e A R CZCIB I NCTE A [
(), = {42 1)) Jome

(Ka), = {(-¥2)(L/e)(2+, /)2 (J wd}

kol s s
(), {0 & o [ fw2erenr ey u:u;'df]

(Ka), ={@2)(LIc)(1+d,fo) [I wd}

(Ka), = {(12)(L/e)(1+d, /c)¢ [I wd}

(k{0107 &) oo [ {v2aen) o) v

() () o - (Lo ) o dj 20 (/)| uns
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In the above equations () = d()/oX .

Equation (6.10.11) is a set of coupled Mathieu-Hill equations with complex coefficients. For numerical

calculations following shape functions (Ray and Kar [7]) are considered.

For simply supported beam

w, (X)=sin(pzX), w,(x)=sin(@zx), u,(X)=cos(r7x), and u,(X)= cos(57x). (6.10.12)
These shape functions satisfy all the boundary conditions. Here p=1,2---, N,
q=(q-N),T=(r-2N) and §=(s-3N). (6. 10.13a)
For clamped-free beam, the shape functions are as follows (Ray and Kar [7])

W (%) = (i +3)(i +2) {(i +2)(i +1) —pt, } X +[ 20 +3)( +D) {p, —i(i +2)} i (i +2)/{( +2)( +D) ~p,}]
[+ 2)+D) {p, +i( D} G+ /{+3)( +2)(+D) — (i +3)p, [ X,

u, (X) = (k +1)x* —kx®*

(6.10.13b)
Here i and k are same as the previous boundary conditions.
If [L] is a normalized modal matrix of [M ]fl[K], then the linear transformation
{fh=[L]{u}, (6.10.14)
transforms equation (6.10.11) to,
4N
Uq+(a);)zuq+25cosét_;b;pup =0, q=1...4N; (6.10.15)

where (a)q )2 are the distinct eigen values of [M ]fl[K] and b;p are the elements of

[B]= —[L]_1 [M ]_1[H J[L] Also, &= P,/2 <1 for the present analysis. The complex frequency and forcing

parameters in terms of real and imaginary parts are given by
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+ Jby, - (6.10.16)

W, =@y + jo,, and by, =b ¢
The boundaries of the regions of instability for simple and combination resonances are obtained by the modified
Hsu’s [9] method. When the system is excited at a frequency nearly equal to twice the natural frequencies
principal parametric resonance and when it is excited near a frequency, which is equal to the sum or differences
of any two modal frequencies combination resonances of sum or difference types take place. Following relations

are used to obtain the boundaries of the regions of instability for simple and combination resonances [7].

(1) Simple resonance case

\(5/2)—wa,R\<%;(a, a=1,2...4N (6.10.17)

4% (b2 +b?
& ( WZ,R ZARNT Y (6.10.18)
2 a,R '

where =

(2) Combination resonance of sum type
@~ (@4 r +OpR)| < Xap (6.10.19)

when damping is present,

1/2
Wy |+ 46%(b,5 RBge R +Dys 1D
Yop = (Wg1 +@p) (byp ROBa R + 0051 ﬂa,l)_lGa)alwﬂl | (6.10.20)
4(60a,|wﬁ,|)1/2 Oy ROR R C
and for the undamped case,
b b 1/2
Yap :g{%} . a#fB, a B=12.. 4N (6.10.21)
2R @B R
(3) Combination resonance of difference type
‘a_)—(a)ﬂ,R —a)a7R)‘<Aaﬂ a>pB, a, f=12..4N (6.10.22)

when damping is present,
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1/2
+ 4&% (0,5 1Dy 1 —byp RD
_ (@5 +@p1) | 46" (Bop 1001 —Papr ﬁa,R)_lGa) w” | (6.10.23)
ap 172 o, 1 03,1
Uy, 10p) @y ROBR
and for the undamped case,
1/2
b b
Agp = &| ——LR DR (6.10.24)
Wy R VB R

Numerical Results and Discussions

Here the parametric instability regions of a three-layered symmetric sandwich beam with simply

supported, and clamped-free boundary conditions have been determined numerically using MATLAB.

For visco-elastic materials, core loss factor (77,) is a measure energy dissipation capacity and the shear
parameter g = GC/(ZEt(c/dt)(L/dt)z) is a measure of stiffness of the material and is important in

determining how much energy gets into the visco-elastic material. So these two parameters are varied
in determining the instability regions for the parametrically excited beams. Also the effects of core and
skin thickness on the instability regions are studied for all these boundary conditions. In the parametric
instability regions shown in the following figures, the regions enclosed by the curves are unstable and
the regions outside the curves are stable. Here the ordinate P, is the amplitude of non-dimensional
dynamic load and the abscissaw is the non-dimensional forcing frequency. Following physical
parameters are taken for the numerical analysis. The span of the beam, L=300 cm, width, b=50 mm, the

top and bottom face thickness d, =d, =2mm and the core thickness, ¢ = 30 mm. The non-

dimensional static load amplitude P, =0.1 for all the figures except it is specifically mentioned. The

top and bottom faces are of steel and the core is of soft plastic foam (Divinycell H60). The mechanical

properties of steel and Divinycell H60 are given in Table (1).

Table 1:Material properties of sandwich beam [10]

Young’s Shear Poisson’s Density
Material modulus modulus ratio p, kg/m®
E, Gpa G, Gpa \
Steel 210 81 0.3 7900
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Divinycell H60 0.056 0.022 0.27 60

Simply supported beam

Using the shape functions given in equation (6.10. 12) the instability regions for the simply supported
beam are determined and shown in Figures (6.10.3-6.11.6) for the first three modes. Figure 6.10.3
shows the parametric instability regions obtained using both the higher-order theory and classical
theory [10] for simple resonances. One may observe that for all the three modes, the region of
instability starts at a lower frequency for higher order theory in comparison to the classical theory,
which is due to the fact that, the core is considered to be more flexible in higher order theory than in

case of classical theory. Also, it is clearly observed from these figures that the instability region is

wider in case of higher order theory as compared to the classical theory. With change in P, (say P,
=0.1), while instability region with higher order theory remains almost unchanged, it is observed that

for lower value of P, the instability regions with classical theory shifts towards left.

2 2 2 |
15 1.5 1.5
1\
F 1 1 1
0.5 0.5 0.5
0= o ———L ol V]
16 75 77 79 81 {73 175 177 179

@ —>

Figure 6.10.3: Comparison of instability regions using higher-order and classical theories, F_>0 =0.5 7, =01,

g=0.05; . higher-order theory; ------ , Classical theory.
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Figure 6.10.4: Effect of shear parameter on instability regions for 7, =0.0. —— , g = 0.05; ----- ,0=0.1; +++
,g=0.5.
2 i 2 2
1.5 bHo1s 1.5
T ¥
F B 1
0.5 ¥ 05 0.5
i 0 | 4 o . . ]
17 20 23 26 76 79 a9 g5 174 177 180 183
o —>
Figure 6.10.5: Effect of shear parameter on instability regions for 7, =0.3.——, g = 0.05; ----- ,g=0.1; +++,
g=0.5.

Figures (6.10.4-5) show the influence of core loss factor (77,) and the shear parameter (g) upon the instability

region obtained by using higher order theory. Itis clearly observed that increase in core loss factor improves the
stability by shifting the instability zones upwards and reducing the area of instability, which is similar to those,
obtained by classical theory. It is also observed that with increase in shear parameter stability of the system

improves. From the above figures it is clearly understood that to get a more stable system one may go for higher
value of core loss factor (77,) and shear parameter (g).

Clamped-Free beam.

Using the shape functions (equation (6.10.15)) for the clamped-free beam, the instability regions for the first
three modes are determined and shown in Figures (6.10.6-8).
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0 -
40 435
0 —>

Figure 6.10.6: Comparison of instability regions using higher order and classical theories for F_’O =0.5, n,=0.1,

g = 0.05——, higher-order theory; ------ , Classical theory.

Using higher order theory and classical theory the parametric instability regions for simple resonances
are shown in Figure 6.10.6. Here also, higher order theory gives a conservative design for lower modes.

Figures (6.10.7-8) show the influence of core loss factor (77,) and the shear parameter (g) upon the instability

region and it is observed that with increase in core loss factor and shear parameter stability of the system

improves.
g 2 2
+ o+
+ o+
+ -
1 31 15 1.5 % g
+ o+ @+ +
L \ I
TIod RN
vt
0.5 050 |1
f
IS 0 N S S oLt
11 14 40 44 48 52 56 130 134 138 142
® —>
Figure 6-10.7: Effect of shear parameter on instability regions for 77, =0. —— g = 0.05;

----- ,9=0.1; +++,g=0.5.
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Figure 6.10.8: Effect of shear parameter on instability regions for 77, =0.3. — g = 0.05; ----- ,0=0.1; +++,g=
0.5.

For all the boundary conditions the system is always found to be stable at combination resonances of sum and
difference type. In these cases, for simple resonances it is observed that with increase in shear parameter the

instability plot moves upward implying that there exists critical forcing amplitude below which the system is
always stable. For example, when a cantilevered sandwich beam with 77, =0.3 and g= 0.1 is excited near twice the
first natural frequency (@ = 8.2), the system will not vibrate if the forcing amplitude is less than 0.485 (point P,
on figure 6.10.8). But for the same 77, and g = 0.05, with same amplitude of forcing, the system will vibrate at a
slightly less frequency (say @ =7.8). Again with increase in shear parameter, the instability region shifts
towards right and hence, for same forcing amplitude, the system becomes unstable at a higher frequency. As the
shear parameter g = G, /(2Et (c/dt)(L/dt)z), is a function of dimension and material properties of both skin

and core material, using the above stability charts, a designer will be able to construct sandwich beams having

very less or vibration free structures.
REFERENCES

1. FROSTIG, Y., and BARUCH, M., Bending of sandwich beams with transversely flexible core.
American Institute of Aeronautics and Astronautics Journal, 27, 523-531, 1990.

2. FROSTIG, Y., and BARUCH, M., Free vibrations of sandwich beams with a transversely flexible core:
A higher order approach. Journal of Sound and Vibration, 176(2), 195-208, 1994.

3. FROSTIG, Y., Buckling of sandwich panels with flexible core-high order theory. International Journal
of Solids and Structures, 35(3-4), 183-204,1998.

Joint initiative of IITs and 1I1Sc — Funded by MHRD Page 74 of 104



NPTEL —

10.

Mechanical Engineering — Nonlinear Vibration

FROSTIG, Y., and THOMSEN, O.T., High-order free vibration of sandwich panels with a flexible core.
International Journal of Solids and Structures, 41, 1697-1724, 2004.

SAITO, H., and OTOMI, K., Parametric response of viscoelastically supported beams. Journal of Sound
and Vibration, 63, 169-178, 1979.

KAR, R.C., and SUJATA, T., Dynamic stability of a tapered symmetric sandwich beam. Computers &
Structures, 40, 1441-1449, 1991.

RAY, K., and KAR, R.C., Parametric instability of a sandwich beam with various boundary conditions.
Computers & Structures, 55, 857-870, 1995.

RAY, K., and KAR, R.C., Parametric instability of multi-layered sandwich beams. Journal of Sound
and Vibration, 193(3), 631-644, 1996.

HSU, C.S., On the parametric excitation of a dynamic system having multiple degrees of freedom.
Journal of Applied Mechanics, ASME, 30, 367-372, 1963.

Dwivedy S. K., Sahu K. C. and Babu Sk., Parametric instability regions of three layered soft-cored
sandwich beam using higher order theory, Journal of Sound and Vibration, 304, 326-344, 2007.

Module 6 Lecture 11

Parametrically excited continuous system

Case study: Nonlinear Vibration of a Magneto-Elastic Cantilever Beam With Tip Mass

In this work the effect of the application of alternating magnetic field on the large transverse vibration

of a cantilever beam with tip mass is investigated. The governing equation of motion is derived using

the D’

Alembert’s principle which is reduced to its non-dimensional temporal form by using the

generalize Galerkin’s method. The temporal equation of motion of the system contains the
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nonlinearities of geometric and inertial type along with parametric excitation and non-linear damping
term. Method of multiple scales is used to determine the instability region and frequency response
curves of the system. The influences of the damping, tip mass, amplitude of magnetic field strength,
permeability and conductivity of the beam material on the frequency response curves are investigated.
These perturbation results are found to be in good agreement with those obtained by numerically

solving the temporal equation of motion and experimental results.

SUONSNN NSNS

Fig. 6.11.1: Schematic diagram of a flexible single-link cantilever beam with tip mass.

Figure 6.11.1 shows a flexible cantilever beam with a tip mass M. The beam is subjected to a harmonic

transverse magnetic field By, =B, cosQt whereB and Q are respectively, the amplitude and

frequency of the magnetic field strength. In this work, the flexible cantilever beam with tip mass is

modeled as an Euler-Bernoulli beam with a tip mass. For the purpose of completeness a brief derivation

Joint initiative of IITs and 1I1Sc — Funded by MHRD Page 76 of 104



NPTEL — Mechanical Engineering — Nonlinear Vibration

of the equation of motion using d” Alembert’s principle is given below. The bending momentM (s) of

the beam at a distance s from the fixed end (Fig. 1) can be expressed as [7,11]
1.
M(s)=~EI (VSS oV, Ssj. (6.11.1)

Here, v is the transverse displacement of the beam. ( )S is the first derivative with respect to s. One

may write the inextensibility condition of the beam in terms of longitudinal displacement u(&,t)and

transverse displacement v(&,t) as [7]

& 1
V2 (1+u) =1 or u(gt)=g-[(1-v2)2dn. (6.11.2)
0

Here &,m are the integration variables. Considering the inertia forcesp Al, p AV,M Ui and M V, and

using the d” Alembert’s principle, one may write Eq. (6.11.1) as follows
M (s)-M,(s)-M_(s)=0. (6.11.3)

Here M, (s) is the summation of the moment due to inertia force of beam and the moment due to
external magnetic force a distance ¢ from the roller support and the couple due to magnetic field.
ML(S) is the moment due to inertia force for the pay load at the tip of the manipulator. The

expressions for these moments are given below.

L & L &
M (s):—gpAugsinedndi— g(pA\'/'+Cd\'/)£cosednd§

) (6.11.4)

-] Pd&%sinedn —c?cosedn,
S S S
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Here, p and c are the body force and body couple of the beam due to the magnetic field B, which are

expressed as [3, 5, 6, 9]

g X
p=-ohdB? -1y [ v,V BEVE d&, andc=—""hdB?v,. (6.11.5)
2 S 0 S 'S 2 S S 7S ’Lloll,lr S

L L
Also, M| (s)=-Mi[sin6d&—M V| cosOde. (6.11.6)
S S
By differentiating Eq. (6.11.3) twice with respect to s and applying the Leibnitz’s rules one may obtain

the following governing differential equation of motion.

S

1.2 3 2
El (vSSSS 5 Vs Vagss 3V VgV + Vo ) + pAv, (({(va +V Vg )d&_,) + VgV

(T(pAi}jLCd\))dn) + MV vy — v UpAi(\'/; + V.V, )d&dn + Mj-(\'zfz + V.V, )dij
s s 0 0

1 |
(1 _ 2vj]( pAi + CyV) - (vss Z( pde)- pvs) _ (‘;2(1—;%2 )+vsvss (l+;v52 )c) —0. (6.11.7)

To obtain the temporal equation of motion, one may discretize the governing equation of motion

(6.11.7) by using following assumed mode expression.
v(s,t)=ry(s)a(t). (6.11.8)

Here, r is the scaling factor; q(t) is the time modulation and (s) is the eigen-function of the cantilever

beam with tip mass, which is given by [7]

sin BL+sinh BL
cos BL +cosh BL

y(s)= —( ](cos Bs—cosh Bs)+(sin Bs—sinh Bs). (6.11.9)
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One may determine AL from the following equation.
1+cos SL cosh SL+m BL(cos SLsinh SL—sin SLcosh BL)=0. (6.11.10)

Following non-dimensional parameters are used in this analysis.

s 0 r M El
p L' pAL F T Al

(6.11.11)

Substituting Eqg. (6.11.9) into Eq. (6.11.6) and using the generalized Galerkin’s method, one may obtain

the resulting non-dimensional temporal equation of motion, which can be expressed as

g+2eCq+q +a(oclq3 +a., q2q+a3q2q)—sflcos(20—n)q

(6.11.12)
-ek, (1+cos(2@t))gq’® =0.

The expressions for the coefficients (i.e. €, a,, a,, a4, f;,K ) in this equation are given below.

The natural frequency of the lateral vibration of an elastic beam

2_EIh 52 Amhd [y
(@)
° mLt hy, Holflrml-2 h14

Bl h [ e2xahdl(hg))_ 2/ =
=% hu(l Z—MOMrEll (th wL(l Bm). (A1)

2
2 _Blh i __Bmehsz(Ejl

-oml h, " 2pop, B hy

Here, ®

Damping ratio due to the viscous damping to the system,

Joint initiative of IITs and 1I1Sc — Funded by MHRD Page 79 of 104



NPTEL — Mechanical Engineering — Nonlinear Vibration

Coefficient of the nonlinear geometric term q3 =

" EI T2 ho o h oh
' ml—48®§ h, 2h, hy,

Coefficient of the nonlinear inertia term q°¢j =

o L)
e\h, h, h, h, h, h,

Coefficient of the nonlinear inertia term §°q =

T e )
e h, hy, h,

Coefficient of the parametric excitation termcos(2mt) g =

82

B? f B2 2
f1 :—r—(_oj, where Br2 =—" and 82 :M
2 C

2R2
meBc

Coefficient of the nonlinear damping terms (1+c0s(2®1))q°q

2
- Bt e )
2mao, h, hy,

Here,
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and h,, = j d*y(x) {ﬁ d\g(;)dﬁdg}y(i)dx

Here one may observe that the non-dimensional temporal Eq. (6.11.12) has parametric term

f cos(2mt)q and nonlinear damping termk, (1+ cos(2®t))dq’, along with cubic geometric (o, °)
1 1

and inertial (o, q2q+a3 4% q) nonlinear terms. Hence, it may be noted that the temporal equation of
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motion Eq. (6.11.12) contains many nonlinear terms and it is very difficult to find the exact solution.
Hence one may go for the approximate solution by using the perturbation method. Here method of

multiple scales is used.

In method of multiples scales, the displacement g can be represented in terms of different time scales

(T,,T,) and a book keeping parameter ¢ as follows.
a(t;e) = 0o (T, T,) +£04 (T, T,) + O (&%), (6.11.13)

Here, T, =7, and T, = ¢r. The transformation of first and second time derivatives are given by

di — Dy + ¢Dy + O(2), (6.11.14)
T

d? D242 2

prcale éDpDy +0(&%). (6.11.15)
T

where, D, :§, and D, :%. Substituting Egs. (6.11.13- 6.11.15) into Eq. (6.11.12) and equating the

0 1

coefficient of like powers of ¢, yields the following equations.

Order £°:D,’q,+0, =0, (6.11.16)
Order &": D,’d, +0, =—2D, D, 4, —2£ D,q, —a, 0 _az(Dg qo)Qo _0‘3([30(210)2 Qo

+1,¢05(20T, ) g, +k, (1+cos(20T,) ) (Dydy ) o - (6.11.17)

General solutions of Eq. (6.11.16) can be written as
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0, = A(T,, T,) exp(iT,) + A(T,T,) exp(—iT,) . (6.11.18)
Substituting Eq. (6.11.18) into Eq. (6.11.17) leads to
Dy’d, +, = —2i A'exp(iT,) — 2iCAexp(iT,) — (3o, — 3o, + o1, — ik, ) A*Aexp(iT,)

+(—o, +a, + 0, ) A’exp(3iT, ) +ik, A’exp (3iT,) +%[Aexp i(2m—1) + Aexp i(2cT)—1)]T0
+%A3 expi(2m+3)T, +%Azﬂexpi(20_a+1)To —% A’ Aexpi(2a—1)T,

+% A’ expi(3-2m)T, +CC . (6.11.19)

Here, cc is the complex conjugate of the preceding terms One may observe that any solution of Eq.
(6.11.19) will contain secular or small divisor terms when non-dimensional frequency of magnetic field
strength (@) is nearly equal to 1 which may be called as simple resonance case. In this case, one may

use detuning parameter o to express the nearness of @ to 1, as
®=1+eco, and o =0(). (6.11.20)

Substituting Eq. (6.11.20) into Eqg. (6.11.19), one may obtain the following secular or small divisor

terms.

—2i A'exp(iT,) - 2iCAexp(iT,) — (3, — 30t + a1, —ik; ) A*Aexp(iT,)

+% Kexp(chTl)jLi%A3 exp(—ZGTl)—i%ﬂerxp(chTl) =0. (21)
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Putting A equal to %a(Tl)e(iBTl) and y=20T,-2p into Eq. (6.11.21) and separating the real and

imaginary terms, one may a set of reduced equations as given below.

a=—§a+%a3+%asiny, (6.11.22)

o-1

3 a 1 . f
ay=2a o —a,+=2a+=ak siny+-Ltacosy. 6.11.23
Y ( j 4( 1 2 3) 4 1 Y 5 Y ( )

€

One may observe from the Egs. (6.11.21)-( 6.11.22) that the system possesses both trivial and
nontrivial responses. Hence one may determine both responses by solving Egs. (6.11.22, 6.11.23)

simultaneously. To find the stability of the steady state responses, one may perturb the above Egs.
(6.11.22, 6.11.23), by substituting a=a,+a, and y=y,+v, where a,,y, are the singular points, and

then investigate the eigenvalues of the Jacobian matrix (J) which is given by

3k, f . f,
—~{+—Lal +-Ltsin —La,cos
GH=g &+ s 2 30 C0SYo
J=| 3 o, 1. (6.11.24)
——| o, —a, +— [a,+=a,k sin
2(% * 3) 0™ 5 %S %agklcos%—%sinyo

It may be noted that the system will be stable if and only if all the real parts of the eigen-values are

negative.

For trivial state instability region, one may use the following expression for the transition curve for
simple resonance case which has been obtained by finding the eigen-values of Jacobian matrix (J)

given in Eq.(6.11.24).
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€ f02 —2 2
=5+— A +0(&%). (6.11.25)

Here, the expression for §, [, and f,are given in appendix [7].

It may be noted that this simple expression has been obtained by using first order method of multiple
scales is different from the expression given in the work of Pratiher and Dwivedy [7], which was

obtained by using the second order method of multiple scales.

Now the first order non-trivial steady state response of the cantilever beam with a tip mass can be given

by
q= aCOSG(c—M—Y))- (6.11.26)

Here for numerical simulations, a steel beam similar to that considered in the work of Wu [5, 6] with
length L = 0.5 m, width d = 0.005 m, depth h = 0.001 m, Young’s Modulus E =1.94x10*" N/m?, mass

of the beam per unit length m = 0.03965 kg, and the permeability of the vacuum, x,= 1.26 x107% Hm?!

have been considered. Using these parameters, the reduced Egs. (6.11.22, 6.10.23), have been solved
numerically to obtain the instability regions and the frequency response curves. In the instability plot,
the regions bounded by the curves are unstable and regions outside the curves are stable. In the

frequency response curves dotted and solid lines represent, respectively the unstable and stable

response of the system. The effect of the amplitude of magnetic field strength (B,,), damping (C, ), tip
mass (M), material conductivity (o), and relative permeability of the material (p,) on the frequency

response have been investigated.
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present result.

For simple resonance case, the beam is subjected to a transverse magnetic field with a frequency nearly

equal to the natural frequency of the system. Here, the instability regions are plotted in (Q/mL)2 Vs

(Br / BC)2 plane similar to the work of Moon and Pao [2], Wu [5, 6], and Pratiher and Dwivedy [7]. The

experimental and theoretical results of Moon and Pao [2] are also being plotted in Fig.6.11.2 for
comparison with the present result. It is found from Fig.6.11.2 that the result obtained in the present
work is in good agreement with the experimental results Moon and Pao [2]. The accuracy of the
instability region obtained by using the first order method of multiple scales can be verified by
numerically solving the temporal equation of motion (6.11.12) and plotting the time response (Fig.
6.11.3) for two different points A and B as marked in Fig.6.11.2. Figure 6.11.3(i) clearly shows that the

response is stable and Fig.6.11. 3(ii) shows that the response is unstable which are in good agreement
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with the result shown in Fig.6.11. 2. Hence, one may use the first order closed form solution (Eq.
6.11.25) for finding the instability region instead of going for a second order solution as reported in the
work of Pratiher and Dwivedy [7]. But when more accurate result is required, one may use the

expression given in the work of Pratiher and Dwivedy [7].

0.3 . . : 4 : :
(a) (b)
0.2} .
2 L
0.1 ' f h
0.0 q o\
0.1
0.2} .
03 30 100 150 200 4 50 100 150 200
Time (1) Time (1)

Fig.6.113. (a) Time response for the point A and (b) time response for point B marked in Fig.6.11.2.

Figure 6.11.4 shows the frequency response curve for four different values of amplitude of magnetic

field strength B,. From Fig.6.11.4, it may be noted that with increase inB_, though the maximum

response amplitude remain unchanged, the trivial state becomes unstable which is similar to that shown

in Fig.6.11.2. The trivial state becomes unstable by the sub-critical pitchfork bifurcation at R, which

ends with a super-critical pitchfork bifurcation atR,. Here, one may observe that the system has a

tendency to jump up from the unstable trivial state at R, to the stable non-trivial state at R1/ :

Figures 6.11.5(a) and (b) show the transient and steady state response for point C marked in Fig.
6.11.4(c). The solid line and dotted line respectively represent the response of the system with and

without magnetic field. In the presence of magnetic field, it clearly shows that the steady state response
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has zero response amplitude. Also it may be noted that the free vibration response of the beam shown

as dotted line in Fig. 6.11.5, is reduced by applying the magnetic field.

(b)

1.5

Fig.6.11.4. Effect of the magnetic field strength ( B,,) on the frequency response curves forM =0.02 kg,
C, =0.01 N-s/m?, u, =3000, 6 =10"Vm™ (a) B, =0.20 Am™ (b) B, =0.25 Am™ (c) B, =0.30 Am™

(d) B, =0.35 Am™.
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Time () Time (1)
Fig.6. 11. 5. (a) Transient response and (b) steady state time response for the point C with and without magnetic

field.
The effect of damping C, on the response curves is shown in Fig.6.11.6 and it has been observed that
with increase in C,, while the non-trivial response amplitude remains unchanged the trivial state

unstable region decreases, the sub-critical pitchfork bifurcation point occurs at a higher value of ® and

the corresponding jump length decreases.
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Fig.6.11.6: Influence of damping on frequency response curve forM =0.02 kg, p, =3000, ¢ =10" Vm™,

B, =0.30 Am™ (a) C, =0.02 N-s/m?,(b) C, =0.03 N-s/m”.

Similarly one can study the influence of effect of relative permeability (., ), material conductivity (o)

and mass ratio on the frequency response curves of the system.
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Module 6 Lect 12

Parametrically excited System with internal Resonance

In this lecture a case study is taken for a parametrically excited system with internal resonance. The
system considered is a uniform cantilever beam of length L carriying a mass m at an arbitrary position
d from the fixed end and subjected to base motion z(t)=Z, cos Qt as shown in Fig. 6.12.1.

Fig. 6. 12. 1. Base Excited Cantilever beam with attached mass at arbitrary position

The equation of motion of the beam is given by Kar and Dwivedy[1999] as
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El {vssss + ;vsvSSSS + 3V Y Ve Vs }+(1—%v§]{[p+ m§(s—d):|vtt +Cvt}

+USUSSSJL.{|:p+ mé‘(f—d)]utt +Cut}d§—[j05(s—d)(us)ttl —(No,)=0

Subject to the boundary conditions
v(0,t)=0, v,(0,t)=0, v, (L,t)=0, vy (L,t)=0

Where

:ipi{j(usz)ndﬂ}d§+%mi5(§—d)x{j(05)ttdﬂ}dg"‘m(ztt_g)
xig(g_d)d§+pL(1—E)(ztt—g) Joo(s— d){ Vg s +usust}

rere (),=2L), (), -2

Here, E, | and p are, respectively, the Young’s modulus, the second moment of area of the cross-section
of the beam and mass per unit length of the beam; j, is the moment of inertia of the concentrated mass
m about its centroidal axis perpendicular to the X-Y plane; v is the lateral displacement of the beam;
g, c and z are, respectively, the acceleration due to gravity, the coefficient of viscous damping and the
displacement of the base; and ¢ is the Dirac delta function. Assuming a solution of Eq. (6.12.1) in the

form

t):grgon(s)u

(6.12.1)

(6.12.2)

(6.12.3)

(6.12.4)

Wherer is a scaling factor, ¢, (s) is the shape function of the n th mode, and u,, is the time

modulation of the "™ mode. Applying generalized Galerkin’s method and using the following non-

dimensional parameters,

o
S
=
3
N

0 J —

Eq. (6.12.1) reduces to

"o, L oL AT

Q
== (6.125
g (612.5)

u‘n+2g§nun+w§un—gi f u mcos¢r+giii{ak'mu Uty + Bia Uiy + Zia Uiy} =0, (6.12.6)

k=1 I=1
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Here, n=1,2,..., ()z d( )/dz . For details of the coefficients one may refer (Kar and Dwivedy 1999).

The small dimensionless parameter ¢is the book-keeping parameter to indicate the smallness of
damping, non-linearities and excitation. So, we have n number of coupled equations with cubic
geometric and inertial non-linearities, where n represents the number of modes participating in the
resulting oscillation. Due to the absence of any internal and external excitation for n> 3, the amplitude
of these higher modes die out in the presence of damping and hence two mode discretization in the
Galerkin’s method is sufficient in this particular system.

The approximate solution of Eg. (6.12.6) can be obtained using the method of multiple scales. Let
u,(z; &)=u,,(T,, Ty)+eu, (T,,T,) +... (6.12.7a)
To=7, T,=¢r, n=12.. © (6.12.7b)

Substituting Egs. (6.12.7a) and (6.12.7b) into Eq. (6.12.6) and equating the coefficients of £° and ¢to
zero, yields

Dy, + @y, =0, (6.12.8)

2 2
DOunl +w,uy, =_[2§n Douno + 2DODlunO - Z fnmumo COS¢T

n,m=1

n n n 2
+Zaklmuk0uloum0 + BumUko Dol DolUmo + ZiamUkoUio Do U =0 (6.12.9)
Klm

Where D, =0/0T, and D, =0o/0T,. The solution of Eq. (9) is given by
U, = A, (T,)explio,T, )+ cc (6.12.10)

Where cc indicates the complex conjugate of the preceding terms and A, is determined in the following
section. Considering the Principal parametric resonance (¢ ~ 2, ), to express the nearness of ¢ to

2w, the detuning parameter o, is introduced. Also, to account for the internal resonance, the detuning
o, ls used. Hence, we have

p=20+¢0,, ®,=3w +¢c0, (6.12.11)

Substituting Egs. (6.12.10) and (6.12.11) into Eq. (6.12.9) and eliminating the secular terms, we get for
n=1

2ia)1(§1A1 + A]..)_%[fllzl exp(igalT0)+ f A, eXp{ig(O'z - O-l)TO }]
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+ Zaelej KJAl +QuAA! eXp(i802T0)20 (6.12.12)
i1
For n=2,

2ia)2(§2A2 + Alz)_% fuh exp{ig(al _O-Z)TO}

+ Y e A A A +Qu A A exp(-iso,T, ) =0 (6.12.13)
i=1

For n>3,

2iw, (& A, + A )+ o AAA, =0 (6.12.14)

j=1

Where a prime denotes the derivative with respect to T;. Since the higher modes (n>3)are neither

directly excited by external excitation nor indirectly excited by internal resonance, from Eq. (6.12.14) it
can be shown that the response amplitude of these modes die out due to the presence of damping.

Letting A, :%an(Tl)exp{iﬂ(Tl)} (where a_ and g, are real) in Egs. (6.12.12) and (6.12.13) and then

separating into real and imaginary parts, one obtains
A 1 . . .
2@1(§1a1 + al)—E{fllal sin2y, + f,a, sin(y, — 7,)} +0.25Q,,a,a’ sin(3y, —y,)=0 (6.12.15a)

1 1
2m,3, (71 _5‘71)_5{ f,a,cos2y, + f,a, COS(71 —7 )} +

13 1 (6.12.15b)
Zzaeljajzal—l_ZleaZa‘lz C05(371_7/2):O
-1
1 . 1 3
20, (‘fzaz"'az)_i{f21a15m(72_71)}+ZQ21a1 S|n(;/2—3;/l):0 (6.12.15c)

. 1 13 1
20,3, (7, +0, —1.501)—5 f,.8, c0s (7, —yl)+ZZaezjafa2 +ZQ21a13 cos(, —3y,) = 0(6.12.15d)
i1
Where

1
;/l:—ﬁlJrEUlTl, and 7, =—,82+(1.50'1—O'2)T1
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The above equations are known as the reduced equations. For steady state, a, =y, =a, =y, =0. So,

now we have a set of non-linear algebraic equations which is solved numerically to obtain the fixed
point response of the system. The first-order solution of the system can be given by

u, = a, cos{(@, + g, 12)r — 7, } (6.12.16a)
u, = a, cosf{w, + (.50, — o, )\r — 7, | (6.12.16b)
Stability equations of steady-state response

By directly perturbing the reduced equations, one can study the stability of the non-trivial steady sate
solution. But, as the reduced Eqgs. (6.12.15a-d) have the coupled terms a,y, and a,y,, the perturbed

equations will not contain the perturbations Ay, or Ay, for trivial solutions and hence the stability of

the trivial state cannot be studied by directly perturbing these equations. To circumvent this difficulty,
normalization method is adopted by introducing the transformation

p,=a,cosy;, ¢, =asiny,, i=12 (6.12.17)

Into equations (6.12.15) to obtain the following normalized reduced equations or the Cartesian form of
modulation equations:

. 1 1
Zwl(pl +&, p1)+ (a)lo-l _E flqul +E f1.0,
1 2 2 13 2 2
+ 7 Q10,007 — pf)+ 2P0} D e, (pf +07)=0 (6.12.182)
=1
. 1 1
Za)l(ql + §1q1)+ (a)lo_l ) flljpl +E fi2 P,
1 2 2 13 2 2
+ZQ12 {pZ(pl —q )+ 2p1q1q2}_zzaelj pl(pj +d; ): 0 (6.12.18b)
-1
: 1
26()2(p2 +<&,p, )+ 3 f,,0q, + o, (30‘1 - 20, )q2

1 13
=5 Q0. 080] ~af) - Y a0 (p} ~ =0 (6.12.18¢)
-1

- 1
2(02(q2 + 52%)_5 fup, - a’z(so-l - Zgz)pz
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1 (2_32)32 (2 2)_0 d
+4Q21p1 Py —90; +4Za92jp2 p; +Q; )= (6.12.18d)
j=1
Now perturbing the above equations, one obtains

{ap;,Aq;, Ap;, Ag, | =[3. JAp,, Agy, Ap,, Ad, | (6.12.19)

Where T is the transpose and [j.] is the Jacobian matrix whose eigenvalues will determine the stability
and bifurcation of the system.

The stability boundary for the linear system (i.e. the trivial state) can be obtained from the eigen values
of the matrix [J.] by letting p, =p, =q, =q, =0.

The first order solution of the system in terms of p,, g; (i =1, 2) can be given by

u, = p, COS@,7 + q, Sin @, 7, (6.12.20a)

u, = p,cos3w,7 +q,sin3m,7, (6.12.20b)
_ 1

where @, = w, +§561 (6.12.21)

If the external frequency Q=o,,+®, where @,is the nth natural frequency of the system one will

obtain combination resonance of sum(Q = a,, +a,) or difference (Q=w,, -@,) type for which one

may refer to the work of Dwivedy and Kar (1999). Also an exhaustive list of literature is given for the

interested reader.
Numerical Results and Discussion

Following Zavodney and Nayfeh [7] and keeping internal resonance in view, a metallic beam is
considered with the following properties:

L=125.4 mm, 1=0.04851 mm*, E=0.20936 % N/mmz’ZT =1mm, c = 0.1 N.s/mm?,
p=0.03332 9/ rum , i =3.68979,J=0.959, B =0.25

The roots of the characteristics equation are found numerically to be k;=1.80097, k,=3.2836 and the
corresponding non-dimensional natural frequencies are w;=1 and w,=3.33179. The book keeping
parameter ¢ and scaling factor A are taken as 0.001 and 0.1, respectively. The coefficients of damping

(&), excitation (f,,,) and non-linear terms (al},., B 75 ) are found to be of the same order. The
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values of other required parameters expressed in the appendix (Kar and Dwivedy 1999) are calculated
to be

Up11=2.54149, p15=-12.2027,2pp1=-6.63699, ,2,=-195.55,0,,=14.62282, Q,,=7.84674,
f:=0.0655762, f,,=0.0122118, f,;=0.04249, f,,=0.1699298, & =0.0118963, &, =0.0045865

Figure 6.12.2 shows the trivial state instability regions for the system with principal parametric
resonance for different damping parameters. While the region bounded by the curves is unstable the
regions outside the curves are stable. Clearly due to the presence of internal resonance, in addition to
the main unstable region near ¢ =2, additional alternate zones of stable and unstable trivial branches
exists. With increase in damping and forcing amplitude these additional zones get merged with the
main unstable region. Here it may be noted that while with increase in damping the instability region

decreases, with increase in forcing amplitude, the instability region increases.

20 T T T

15

due to mternal
resonance

stable

v=0.001 stable

14 1.7 2 2.3 ¢4

¢

Fig. 6.12.2: A typical principal instability region
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T T T 1
Hopf bifurcation
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Super-critical pitchfork bifurcation ¢  Sub-critical pitchfork bifurcation

Fig. 6.12.3: Frequency response curve T'=8,v=0.001

A typical frequency response curve is shown in Figure 6.12.3 for both the first mode (lines without
bullet point) and the second mode (lines with bullet point). The stable branches are shown by solid lines
and the unstable branches are shown by dotted line. One may observe multi stable regions for a wide
range of frequency of the system. The nontrivial response amplitude of the first mode is observed to be
larger than the second mode. While supercritical and subcritical pitchfork bifurcations are observed in
the trivial state, both saddle node and Hopf bifurcations are observed in the nontrivial state. Due the
presence of Hopf bifurcation stable periodic response occurs in the trivial unstable region. With
decrease in forcing amplitude and damping parameter figure 6.12.4 shows the frequency response curve
for both the modes for I'=5,v=0.01. In addition to the other phenomenon described in the previous
figure, here one may clearly observe (in the insert) the additional alternate stable and unstable trivial
states near the main unstable region. While increasing the frequency one may observe jump up
phenomena and while decreasing the frequency one may observe the jump down phenomena in the

system.
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Figure 6.12.5 shows the force response curve ¢ = 2.0, v =0.001.

Blue sky
catastrophe
o~ o
© -
- peses @ 2 e s oo T
u’l-

Figure 6.12.6 shows the force response curve ¢ =1.75, v =0.001.
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(a) —

Figure 6.12.7 Phase portraits: cascade of period doubling leading to chaos for ¢ =2.13,T'=8.0, (@) v=
8.5 (periodic), (b) v = 8.4(2T periodic), v = 8.3 (chaotic orbits).

Figure 6.12.8 Poincare’ showing period doubling route to chaos for ¢ = 2.13
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Figure 6.12.5 shows the force response curve for the perfectly tuned system at ¢ = 2.0, v = 0.001.
Herethe nontrivial fixed point becomes unstable with saddle nodde bifurcation points at I'=0.9 and
1.6.And Hopf bifurcation points at I' =5.75. Here the trivial branch istotally unstable exceptat I'=10
.Similarly Figure 6.12.6 shows the force response curve of the system at ¢ = 1.75, v = 0.001. Though
the trivial response loses its stability at I'=7.55 through supercritical Pitchfork bifurcation, and a
Hopf bifurcation is observed at I'=7.95, the system will fail through blue sky catastrophe if the
amplitude of excitation is increased beyond the

turning point at I'=10.75. Figure 6.12.7(a) shows the periodic response originating from the Hopf
bifurcation for ¢ = 2.13,I'=28.0,v = 8.5. With decrease in the damping parameter v to 8.42 one may
observe a response with double period (Figure 6.12.7(b)). This period doubling phenomena continues
with further decrease in damping parameter and finally a chaotic response (Figure 6.12.7(c)) is
observed. Figure 6.12.8 shows the Poincare’ section depicting cascade of period-doubling leading to

chaos.
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