Module 5

Self Evaluation Test

1. Which of the following functions 3 : R? x R? — R are bilinear forms?
(a) B(z,y) =1, = (z1,22), ¥y = (y1,¥2)
() Bz,y) = (x1+y1)* = (21 —91)?
(c) B(z,y) =1, x = (z1y2) — (291)
(R? is a R-module, R ~ set of real no’s)
Solution (a) G(x,z) =1, B(y,2) =1, Bz +y,2) =1 # B(z,2) + B(y, 2)

B(z,y) = 1 not a bilinear form.

(b) B(z,y) = A+ 47 + 2191~ £1— 47 + 2015
ﬁ(x7y) F 4 4301?}1
ﬁ(x)\,uy) = 5()\(5517932),#(311,%))

= B((x1, A2), (pyr, py2))
= 4 rpy

= A\pdziyy

= uB(z,y).

B ((z1,22) + (p1, p2), (¥1,92))

B+ p,y)
= B((z1+ p1, 22 + p2), (Y1, 92))
= 4(z1 + 1)
= 4dziy1 +my

= B(=z,y)+ B(u,y)

= [ is a bilinear form.
() Bx,y) = z1y2 — T2y
Bz, py) = B((Az1, Az2), (1y1, ny2))
= Az1py2 — AT2p41
= Auz1y2 — AuT2y1
= Au(z1y2 — 221)

= Ap(z,y).
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Bz + p,y) B (w1 + p1, w2 + p2), (Y1, y2))
= (214 m)y2 — (z2 + p2)n
= T1Y2 + H1Y2 — T2y1 — U2y
= Z1Y2 — ToY1 + M1Y2 — Mol

= B(z,y) + B(u,y)

= [ is a bilinear form.

2. The following expressions define quadratic forms @ on R?. Find the symmetric bilinear form 3
corresponding to each Q.
(a) axi

(b) 3z129 — 23

Solution. (a)
Qz) = aat
= B(x,z) where 2 = (1, 22)
By) = 710w +y) - Q)
Qlz+y) = Qz1+v1), (22 +y2))
= a(z1+y)?
Qlz—y) = alv1—y)’

Bay) = g late+m)? - ater - n)?]

4a

= Z»lel

= aryp
(b)
Q(z) = 3wimo — 23
Qz +v)
= 3(z1+y1)(@2 +y2) — (22 + 1)?

Qlz—y) = QUz1—w), (22 —y2))

Q((z1 + 1), (22 + 2))

= 321 —y1)(z2 — y2) — (22 — y2)?
Blz,y) = ~[Q+y)—Qx—y)

[3(x1 4+ y1) (w2 + y2) — (z2 + y2)? — 3(z1 — y1) (22 — y2) + (22 — y2)?]

] ]

= —[6x1y2 + 6y172 — 4x2y0]

—

= 3 [3z1y2 + 3y122 — 22Yys]
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3. Let @ be a quadratic form associated with symmetric bilinear form 3. Verify the polar identity

Bay) = 5 1 +1) ~ Q@) - Q)]
Solution.
Q@ +1) - Q@) - QW) = 5[ +y.z+y) —f2) - By, v)

[B(z,2) + Bz, y) + By, 2)+ By, y)— Bz, z)— By, y)]
X 2ﬁ(xay) [ﬁ(x7y) = ﬁ(yvx)]
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4. Every bilinear form on a vector space X over a field F' can be uniquely expressed as the sum of a

symmetric and skew-symmetric bilinear forms.

Solution. We know that every vector space over a field is also a module.

Let 3 be a bilinear form on a vector space X over F.

Let g(z,9) = = |6, 3) + B)]

2
o(e.) = 5 [B(w,9) ~ Bw )] Yoy e X
Therefore g and h are also bilinear form on X.
owr) = SBED+AEY] |
= ¢ 18 symmetric.
= g(,y).
1
1
= —h(z,y).
= h is skew-symmetric.
Bla,y) = g(x,y) + h(z,y)
= B = g+h

Now suppose that § = 31 + B2 where 3 is the symmetric bilinear form and 35 is skew symmetric

bilinear form.

ﬁ(xay) = (61 +B2)(-’177y)

= ﬂ1(x,y) +62(‘T’y) (1)
Bly,z) = (Bi(y,z)+ B2(y,2))
= Bi(z,y) — B2(z,y)) (3]

Adding (1) and (2), we get
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251($7y) = ﬁ(xvy)"i'ﬁ(y?x)

Bilwy) = 308+ 5,2
= g(m>y)
=60 =y

Similarly it can be proved that Gy = h.
5. Can a sesquilinear is a bilinear form.

Solution. Only zero form is both bilinear and sesquilinear form. Non zero sesquilinear form can not be
a bilinear form.
Suppose 3 is a sesquilinear form and bilinear form.
Bz, Ay) = M(z,y)
Bl Ay) = M(x,y)
(A =XNpB(z,y) = 0 (In general A — X # 0)

= fB(z,y) = 0 Vz,yeX

= [ is zero form.
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