Module 4

Self Evaluation Test

0 0
1. let A be a 2 x 2, non zero complex number st, N2 = 0 then prove that N is similar over C to

1 0

Solution. Let T : V — V be a Linear operator st: [T]|gp = A; B = {v1,va} is basis of V
Now 0= A2 = AA=[T)p[T)p =[T]3 =T=0
as A#0=T#0
Let A be an eigen value of = 3 0#v eV st: T(v) = v
=0=T%@w)=Xvbutv#0 =X=0,0
= 0 = \ is only eigen value of T.
Let wyg = {z € V : T(x) = 0} = kerT be the eigen space corresponding to A = 0.
Since 0 # v € wy = wp # {0}
= dimwgy = lor2; if dimwg = 2 = dimwy = dimV = wg =V
= KerT=V=T=0
= dimwg = 1; let wy = (w2) = I a subspace w’ of V' st
V=0 ®wy,= dimw' =1; let ' =< wy >
Then < wy,ws > is basis of V'
as T(w1),T(w2) € V =w & wy
So let T(w1) = aqwy + asws
T(w2) = 0wy + 0wz (" w2 € wp)
But 7% =0
= 0=T%*w) =T(cnw1 + azws)
= a1 (w1 + asws) + 3.0
= a%wl + v aiawo
=a; =0,a #0
(because if g = 0= T(w1) = w1 => w1 €W Nwyg={0} = w; =0)
= T(w1) = asws

Now B’ = {ay 'wi,ws} is basis of V
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( because aa;lwl +bwy =0

=San;'=0="0

= a =0 = b= L.I hence basis because dimV = 2)

T(ag w1) = a5 ' T(w1) = a5 *(aows) = we = 0.05 'wi + Lws

T(wse) = 0.&2_1w1 + 0.w9

0 0
= [T = over C
1 0

2. let P be a operator on R? such that P(z,y) = (x,0) what is the minimal polynomial for P?

Solution. we are given that P(z,y) = (x,0)V(z,y) € R%.....(1)
Let ¢ € R be an eigen value of p then there exist some (z,y) # (0,0) € R such that
P(a,y) = c(z,y)
= (z,0) = (cz,cy)
=cr=2x,cy=0
=z(c—1)=0,cy =0
If ¢ = 0 then (0, 1) is an eigen vector of p since
P(0,1) = (0,0) = ¢(0, 1)
If ¢ = 1 then (1,0) is an eigen vector of P since
P(1,0) = (1,0) = ¢(1,0)
Hence 0,1 are the eigen values of P and characteristic polynomial for P is
f(@)=(z-0)(z—1) = 2(z—1)
If P(x) =2 = p(P) = P and P(z,y) = (z,0) # (0,0) for z # 0
S.p(P)#0
If p(2) =2 —1=p(P) =P — I and
(P —I)(z,y) = P(z,y) — I(z,y) = (2,0) — (z,y) = (0, —y) # (0,0) for y # 0
=p(P) #0
If p(z) =2(z — 1) = 2% —x = p(P) = P> — P and
(»? — P)(z,y) = P(P(z,y)) — P(z,y)
= P(z,0) — (z,0) = (x,0) — (z,0) = (0,0)¥(z,y) € R?
=p(P)=0

Hence minimal polynomial for P is z(x — 1).
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3
3. Let V be the vector space of n X n matrices over the field F. Let A be a fixed n X n matrix. Let T

be a Linear operator on V defined by
T(B)=ABVYBeV (1)

Show that the minimal polynomial for 7" is the minimal polynomial for A.

Solution. Let p(z) = 2™ + ayj2™" ! + ... + a,, € F be the minimal polynomial for 7' and
q(x) = 2™ + byz™ ! + ... + by, € Flz] the minimal polynomial for A then,
p(T) =0 and ¢(A) =0...(2)

by (1)T(I) = Al = A

Similarly T3(I) = A3, ..., T"(I) = A™ using the results, we see that
0=p(T) = (T + a1 T + ... + a, D)
=A"+ @ A" + .+ a, ] = p(A)
=p(A)=0
q(x)

Now we show that —.
p(x)
let ¢ be a root of p(z) we can write
p(x) = (x — ¢)q(x) + r(x) where r(x) = 0 or deg r(z) < deg q(x)
we have p(A) = (A — cl)q(4) + r(A)
=7r(A4)=0 (.p(4)=q(4)=0)
If r(z) # 0 = deg r(z) < deg q(x) and r(A) = 0 contradict the minimality of g(z) so r(z) =0
q(x)
= p(z) = (x —c)q(z) = —=
pla) = (@ = clafe) = 5
Finally we show that M
q(x)
We have O = q(A)B
=A™+ b A™ " + ..+ b,])B
=[T™(I)+ b T (1) + ... + b, I|B
=T"B+b,T" B+ .. +bnI)B
=q(T) =0
Since p(z) is the minimal polynomial for T" and ¢(7T") =0
p(z)

S0 —
q()
= p(z) = ¢(x) (ic) minimal polynomial for T is the minimal polynomial for A.
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4. Let T be a Linear operator on R? which is represented in standard ordered basis by the matrix

-9 4 4
A=|_-8 3 4
-16 8 7

Prove that 7' is diagonalizable by exhibiting a basis for R® each vector of which is characteristic

vector of T.

Solution. Characteristic equation of T is det(A — xI) =0
=) = 1 4
-8 33—z 4 D o

—16 8 i~ =

= =y 4 4

= |-1—2z 3—=zx 4 = 0 byci+c+cs

or —(14+z) 0 —1—-2 0 =0

0 4 3—x

or(1+z2)1+z)3—2) = 0
Hence the characteristic values of T" are 3, —1, —1. The characteristic vector corresponding to x = 3

is given by
(A-3D)X = 0
12 4 4| [z 0
= | =8 0 4f [z = |O
—16 8 4| |z 0
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—4 4 0 X1 0
or (0 =8 4| |z = |0
0 -8 4] |z3 0

byR1—>R1—R2; R2—>R2—2R1; R3—>R3—4R1

-4 4 0| [z 0
0 -8 4| [z2 = 0
0 0 0] [zs 0

by Rs = Ry — Ry

:>7$C1+$2:0, 72X2+1L‘3:0
These equations are satisfied by 1 = 1, x5 = 1, x3 = 2. an eigen vector corresponding to eigen

value z = 3 is

1
X1= |1
2
The eigen vector corresponding to the given value z = —1 is given by
(A+DH(X) = 0

-8 4 4_ _:cl_ _O_

-8 4 4| [z = |0

-16 8 8_ | %3] _0_

-8 4 4_ _xl_ _O_

or 10 0 Of [ze| = |0

0 O 0_ | %3] _0_

byR2—>R2—R1 R3—>R3—2R1

from the above equation we get
—2x1 + x2 + x3 = 0 taking o =0, we get 1 = 1,23 = 2

taking xs = 0 we get x1 = 1,29 = 2

Hence , 2 L.I characteristic vectors corresponding to characteristic values x = —1 are Xy =
1 1
0| Xs=|2
2 0

clearly; X7, X5, X3 are linearly independent over R and so the set {X;, X2, X3}
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constitutes a basis of R3.

Hence T is diagonalizable. indeed for

1 1 1
PZ[Xl X5 X3]=102;
2 2 0
3 0 0
P'AP= |0 -1 o0
0 0 -1
5. Find the characteristic polynomials for the identity operator and zero operator on an n— dimensional

vector space.

Solution. The characteristic polynomial of the identity operator I on V is
> -
l—=z 0 - - - 0

0O 1-2 - — — 0

det([ — a?[) = = (1 N m)n

0 0 — W 2

The characteristic polynomial of the zero operator O in V is

z 0 — — — 0
0 -z — — — 0

det(O — xI) = . TV I = (=1)"a"™.
0 0 - - - -z
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