Module 2 !

Self Evaluation Test

1. Let T be a L.O. on V. If T? = 0, what can you say about the relation of the range of T to the null

space of T? Give an example of linear operator T' of R? such that T2 = 0, but 7' # 0.

Solution.

T?=0 = T?(w)=0WweV
=T(TWV) = 0VweV
=TV) € KalWweV

i.e. RangeT' C KerT
Define T : R?> — R? such that,
T(l‘l, .132) = (xg, 0)

T is Linear Operator. Since 7'(2,2) = (2,0) # (0,0) = T # 0. But

T (x1,22) = T(T(x1,22))
= T(x2,0)
= (0,0
=72 = 0

2. Let T be a linear operator on V and let RankT?=RankT, show that

Range TN Ker T' = {0}

Solution. T:V — V, T? : V — V are Linear Transformations.
Rank 7? =dimV-dim KerT? (-.- Rank T?=Rank T)
= dim Ker T=dim Ker 72
Let v € KerT =Tz =0 = T%(x) =T(0)=0
= z € KerT? = KerT C KerT?
= KerT = KerT? (as they have the same dim).

Now z € Range TN KerT
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= T(z) = 0ifz=T(y) for somey eV
= T(Ty) = Oie T?*(y)=0
= y€ ker T? = KerT
iee.T(y) = 0
=z = 0
= KerT NRangeT = {0}

3. Let T be a linear operator on R? defined by T'(x1,z2) = (—z2,71).
Let 3 = {e1 = (1,0),e2 = (0,1)} and B = {a1 = (1,2),a2 = (1,—1)} be ordered basis for R%.

Find a matrix P such that [T]g = P~[T]zP.

Solution. T(1,0) = (0,1); 7(0,1) = (—1,0)

T(1,0) = 0.e3 + l.eg; T(0,1) = —1.ey + 0.e9

0 —1
- [Tlg =
1 0
-1 5
T(al) = T(172) = (727 1) 3 ?al — 3012
T(OZQ) = T(]., —1) = (].7 ].) = %al — %042
-1 2
. I 3 3
mp=| 3 3

3 3
Define S : R? — R? such that
S(e;) =ay; i =1,2
Now a3 = (1,2) = l.e; +2.e5 and ap = (1,—1) = l.eg + (—1)es

S(en) = Log +2.00; S(on) = Lon + (—1).az

1 1
[S]p =
2 -1
1 1
P =
2 -1
110
d P71 = 3 3
an 2 ;1
- 3 3 Z
L 0 -1 1 1
p-1 - 3 3
(T)gP 5 1
— 1 0 2 -1
L 3 3 A
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1 1
- 11
- |3 3
2 -1
— 2 -1
L3 3
-1 2
_ 3 3
= =L
L3 3
= [T]p

4. Let f1, fo, f3 be three linear functionals on R* defined as follows:
fi(z1, 22,23, 24) = 21 + 222 + 223 + T4
fa(w1, 22,73, 24) = 222 + 74
fa(x1, @, x3,4) = —2x1 — 43 + 314

Determine the subspace W of R* such that f;(w) =0Y w e W; i=1,2,3

Solution Let (z1, 22, z3,24) € W. Then f;(z1,22,23,24) =0V i=1,2,3

= x1+ 229+ 2x3+x24 = 0
209 —x4 = 0
—2x1 —4r3+3x4 = 0
Z1
1 2 2 1
T
0 2 0 1 ~’
x3
-2 0 —4 3
T4

By elementary row transformations we get:

T
1 020

Z2
01 0 0 =0

z3
00 0 1

T4

= x1 + 2x3 = 0; .T_QZO_; g =0
“ (1’1,{E2,(E3,$4) - (—2x3,0,x3,0)
= 25(—2,0,1,0)

.. W is spanned by (-2,0,1,0).

5. Let f,g € V' such that f(v) =0 = g(v) =0, prove that g = ¢f for some ¢ € F,(V' is dual space of

V).
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Solution. If f =0, then g =0 = ¢f; for any c € F.

Let f # 0, then there exist v # 0 in V' such that f(v) # 0.

g(v)

letc:f(v),h:g—cfandeVanda:

Then f(xz — av)
= z—av
= r—av

= x

h(z)

y € Kerf

Soh=0

=

f(@)
(@)

|

f(@) —af(v) =0

Ker f

y € Kerf

Y+ av

9(x) — cf(x)

9(y) + ag(v) — cf(y) — caf(v) -
ag(v) — caf(v) as

y € Kerg

;E”jgg(v) = ?EZ; J(x)

OVaeeV

g=cf

Hence the result follows.
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